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Abstract. Equivariant map algebras are Lie algebras of algebraic maps from a scheme (or 
algebraic varicty) to a target finitc-dimensional Lie algebra (in the case of trie current paper, 
we assume the latter is a simple Lie algebra) that are equivariant with respect to the action 
of a finite group. In the first part of this paper, we define global Weyl modules for equivariant 
map algebras satisfying a mild assumption. We then identify a commutative algebra Ap that 
acts naturally on the global Weyl modules, which leads to a Weyl functor from the category 
of Ap-modules to the category of modules for the equivariant map algebra in question. These 
definitions extend the ones previously given for generalized current algebras (i.e. untwisted 
map algebras) and twisted loop algebras. 

In the second part of the paper, we restrict our attention to equivariant map algebras 
f-H . where the group involved is abelian, acts on the target Lie algebra by diagram automor- 

J*V^ phisms, and freely on (the set of rational points of) the scheme. Under these additional 

assumptions, we prove that Ap is finitely generated and the global Weyl module is a finitcly 
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generated Ap-module. We also define local Weyl modules via the Weyl functor and prove 
that these coincide with the local Weyl modules defined directly in [FKKS12]. Finally, we 
show that Ap is the algebra of coinvariants of the analogous algebra in the untwisted case. 
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Introduction 

Weyl modules for the loop algebra g (g) C[t ] of a finite-dimensional simple complex Lie 
algebra g were introduced by Chari and Pressley more than a decade ago (see [CPOlb]). 
Since trien, the study of their properties (for instance, their homological behavior, dimensión 
and character) has been a fruitful and successful process. 

The category of finite-dimensional modules for g ® C[í ±:L ] is not semisimple. In analogy 
with the modular representation theory of simple finite-dimensional Lie algebras, for every 
simple module, there exists a (local) Weyl module satisfying certain universal properties. 
This Weyl module is finite-dimensional and its character and dimensión have been studied 
and computed in a series of papers (see [CPOlb, CL06, FL07, Naol2]). Local Weyl modules 
have been identified with certain Demazure modules of affine Kac-Moody algebras and their 
characters are also known to be characters of the q — y 1 limit of simple modules of the 
quantum affine algebra (see [FL07]). 

In [CPOlb] the class of global Weyl modules was defined. These modules are projective 
objects in the category of those gOCft^j-modules whose weights are bounded by some fixed 
dominant integral g- weight. Their g-weight spaces are right modules over polynomial rings 
in finitely many variables. It was conjectured in [CPOlb], and it can be deduced from results 
in the aforementioned series of papers, that the global Weyl module is a free right module 
of finite rank for this polynomial ring (see Theorem 4.17). 

It turns out that the global Weyl module might be the most interesting object to study in 
the category of bounded g®C[í ±1 ]-modules. For instance, it is subject to an analogue of the 
BGG reciprocity for simple Lie algebras (see [BBC + , BCM12]). Furthermore, its character 
is known to be the g-Whittaker function, a solution to the g-Toda integrable system (see 
[BF]). 

There are several approaches to generalizing the above objects. In [FL04], local and 
global Weyl modules were defined in the setting where C[t ±:L ] is replaced by the coordínate 
ring of a complex affine variety. A more general approach was taken in [CFK10]. There 
the modules for a generalized current algebra g <S> A, where A is a commutative, associative 
complex unital algebra were studied. The global Weyl module is again a projective object 
in a suitable category (see Corollary 3.9) and its weight spaces are right modules for a 
certain commutative algebra. The Weyl functor was introduced and local Weyl modules 
were studied, together with their homological properties. The algebra of the highest weight 
space was analyzed and in important cases identified with a tensor product of symmetric 
powers of A. 

A different approach was taken in [CFS08] and [FMS], where g <S> C[í ±:l ] was replaced by 
the twisted loop algebra (g®C[í ±1 ]) r . This is the fixed point algebra of g®C[í ±:1 ] under the 
action of a group T of automorphisms of g, generated by a Dynkin diagram automorphism. 
This group acts on Cfí^ 1 ] by scaling t by roots of unity. It turns out that every local Weyl 
module of the twisted loop algebra is obtained by restriction from a local Weyl module of 
g <8> C[í ]. The global Weyl module was defined in [FMS] and it was shown that it is again 
a free right module of finite rank for a certain commutative algebra and it can be embedded 
in a direct sum of global Weyl modules for g<8)C[í ]. In [BF, Remark 1.10] it is conjectured 
that its character solves the g-Toda integrable system in the non-simply laced case. 
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In [FKKS12] the definition of local Weyl modules was generalized to the setting of equi- 
variant map algebras. Let X = Spec A be an affine scheme and T a finite group acting on 
g and X by automorphisms. The equivariant map algebra is the Lie algebra of equivariant 
algebraic maps from X to g and is denoted (g ® A) r . Local Weyl modules were defined for 
these algebras under the assumption that X is of finite type, T is an abelian group and the 
action on X is free. A key ingredient in this study was the definition of certain twisting 
and untwisting functors that relate the representation theory of g ® A and (g ® A) T . It was 
also shown that the homological properties of local Weyl modules can be generalized to the 
setting of equivariant map algebras. 

In the current paper we define global Weyl modules for equivariant map algebras. The 
paper can be divided into two parts. The first part comprises Sections 1 to 3. After so me 
preliminaries on equivariant map algebras in Section 1, we define in Section 2 global Weyl 
modules for equivariant map algebras satisfying a mild assumption (see Assumption 1.2). 
In particular, this assumption is always satisfied if T is cyclic or acts on g by diagram auto- 
morphisms. We also give a presentation of the global Weyl modules in terms of generators 
and relations (Proposition 2.8). In Section 3, we extend the notion of Weyl functors to the 
twisted/equivariant setting. In particular, we define a commutative algebra A r which acts 
naturally on the global Weyl module with highest g r -weight A. The Weyl functor is then a 
functor from the category of A r -modules to the category of (g<S>^4) r -modules. We show that 
these functors (and the global Weyl modules) possess twisted versions of properties satisfied 
in the untwisted setting. 

The second part of the current paper (Sections 4-7) concerns equivariant map algebras for 
which T is abelian, acts on g by Dynkin diagram automorphisms, and on maxSpec A freely. 
(Note that T is abelian and acts freely on maxSpec A in the case of (twisted) loop and 
multiloop algebras.) Under these additional assumptions, our main results are the following. 

(a) (Theorem 4.8) The algebras Ap are finitely generated. 

(b) (Theorem 4.10) The global Weyl module (of highest weight A) is finitely generated as 
an Ap-module. 

After recalling the twisting functors introduced in [FKKS12] and proving some additional 
properties of these functors in Section 5, we turn our attention to local Weyl modules in Sec- 
tion 6. There we define the local Weyl modules as the images of one-dimensional irreducible 
Ap-modules under the Weyl functor (as in the untwisted setting). We show (Proposition 6.6) 
that the modules so defined coincide with those defined directly (i.e. without the Weyl func- 
tor) in [FKKS12]. Finally, in Section 7, we examine the algebra A r . In particular, we show 
(Theorem 7.5) that this algebra is isomorphic to a tensor product of symmetric algebras 
of fixed point subalgebras of A. Under an additional assumption, we also identify (The- 
orem 7.8) Ap with the algebra of T-coinvariants of the algebra A A corresponding to the 
case where T is trivial (defined in [CFK10], but denoted A y there), where A' is a g- weight 
corresponding to the g r - weight A. 

Notation. The set of nonnegative (resp. positive) integers is denoted by N (resp. N + ). 
Throughout k will denote an algebraically closed field of characteristic zero. All algebras 
are over k unless otherwise indicated and all associative algebras are assumed to be unital. 
Whenever a group T acts on a k-vector space Y, we denote the subspace of fixed points by 
Y T . For a ring B, B-mod will denote the category of left 5-modules. The notation S n B, 
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fiel, will denote the subring (B® n ) Sn oí B® n consisting of elements fixed under the natural 
action of the symmetric group S n on B® 11 . Since we work over a field of characteristic zero, 
this is isomorphic to the quotient of B® 11 by the ideal generated by the elements u — t(u), 

u e B® r \ r e S n . 

For a Lie algebra L, we denote its universal enveloping algebra by IÁ[V). We have the 
standard filtration U(L) = ^ ne j$M(L) n . When we refer to the nodes of the Dynkin diagram 
of a simple Lie algebra of rank n by elements of the set {1,2, ... ,n} we are referring to the 
standard labeling that can be found, for instance, in [Hum72, §11.4]. When we refer to the 
Dynkin diagram of a reductive Lie algebra, we mean the Dynkin diagram of its semisimple 
part (i.e. its derived algebra). Since we will need to refer to weights of a simple Lie algebra g 
and also its subalgebra g r fixed by the action of a group T, we will typically denote weights 
of g by A' and weights of g r by A to avoid confusión. 

We will denote by A a finitely generated (henee Noetherian) commutative associative 
algebra over k. We let X rat denote the set of fc-rational points of X ■= SpecA Since A 
is finitely generated, we have X rat = maxSpec A. For a point x G X rat , we will denote the 
corresponding maximal ideal of A by m x . In some instances, we will identify a point x with 
its maximal ideal m^. 

For the reader's convenience, we give here an index of important notation used in the 
paper. 



Index of Notation 



fl", 0°, B ± 


Page 5 


t^z , 6¿ , / i , h*i 


Dcfinition 4.6 


A r , A+, Q r , Q$ 


Page 5 (see also (5.2)) 


e¿ <g> a, fi ® a, hi (g) a 


Dcfinition 4.6 


U r , Wr> u r 


(1.3) 




Dcfinition 4.13 




Page 6 


M{ip), M r (t/.) 


Definition 4.14 


£,£ x ,,£ r ,£{,Y r 


Dcfinition 1.5 


Supp J 


Page 21 


j/) x , wt, wtr, ht, htr 


Definition 1.5 


Ann^y, Suppry 


Dcfinition 5.2 


v r w, v(i>) 


Dcfinition 1.6 


X» 


Page 22 


> <T ' < A 


Dcfinition 2.2 




Dcfinition 5.3 


P r (V) 


(2.3) 


T, T x 


Dcfinition 5.4 


W r (V) 


Dcfinition 2.5 


e¡, /i, h{ 


(5.1) 


V r (A), vi 


Page 9 




Page 22 


W r (X), w{ 


Lemma 2.6 


W(r¡>), W T {ip) 


Definition 6.1 


Ap, Ann u o(w\) 


Dcfinition 3.2 


J(rf) 


(6.1) 


r w{ 


Definition 3.5 




(7.1) 




Dcfinition 3.7 




(7.5) 


r+, r+, n, n r 


Page 14 




Lemma 7.3 



Note on the arXiv versión. For the interested reader, this arXiv versión of this paper in- 
cludes hidden details of some straightforward computations and arguments that are omitted 
in the pdf file. These details can be displayed by switching the details toggle to true in 
the tex file and recompiling. 

Acknowledgements. The authors would like to thank Vyjayanthi Chari, Daniel Daigle, 
Michael Lau and Erhard Neher for helpful conversations. In particular, they would like to 
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thank Vyjayanthi Chari for explaining the details of the argument found in the proof of The- 
orem 4.17(b), Daniel Daigle for providing an outline of the arguments found in Appendix A 
and some of the commutative algebra arguments in Section 7, Michael Lau for pointing us 
towards Lemma 1.1 and Erhard Neher for drawing our attention to Example 1.3. 

1. EQUIVARIANT MAP ALGEBRAS 

In this section we recall some basic facts about equivariant map algebras. We refer the 
reader to [NSS12, NSb] for further details. 

Let g be a finite-dimensional simple Lie algebra over k, and let T be a finite group acting 
on g by automorphisms and on the finitely generated commutative associative algebra A by 
algebra automorphisms (henee on Spec A by scheme automorphisms) . Thus T acts diagonally 
on g © A. As a Lie subalgebra, the set of fixed points g r is reductive in g (see [Bou75, 
Ch. VII, §1, no. 5]). That is, g r is a reductive Lie algebra, which acts semisimply on g by 
the restriction of the adjoint action of g. 

Let I and Ir be the set of nodes of the Dynkin diagrams of g of g r respectively. Fix 
a triangular decomposition g r = rip © í)r © tijt of g r . Denote by Qp the positive root 
lattice associated to this triangular decomposition and Qp = — Qp the negative root lattice. 
Similarly, let Ar (resp. Ap~ ) be the corresponding weight lattice (resp. set of dominant integral 
weights). Relative to f)r, choose a set of Chevalley generators {ef , f[, h\ }¿ e / r . 

We have a decomposition 

with only finitely many Q a nonzero. We use superscripts here to avoid confusión with the 
weight spaces of g considered as a g-module. Let 

(1-1) 0" = 0a 6 Q-\{O} Q > + = 0^Q r - 0° 

Then clearly g = g~ © g° © g + , tlp Cg ± , and g° and g~ are Lie subalgebras of g. Note that 
g° is simply the centralizer C g (hr) of f)r in g. Moreover, since Tg" = g a for each a £ f)p, we 
see that Tq^ 1 = q^ 1 and Tg = g°. Finally, it is not diflicult to see that g° is a self-normalizing 
subalgebra of g. 

It may be that g r = 0, in which case hr = and so g° = g is simple. However, we have 
the following result. 

Lemma 1.1. We have that g° is abelian and henee g r is nonzero if either of the following 
conditions hold: 

(a) The group V is eyelic. 

(b) The group T acts on g by diagram automorphisms with respect to a Cartan subalgebra 

f) 0fQ. 

Proof. That (a) implies the conclusión follows from [Kac90, Lem. 8.1(b)]. If (b) holds, then 
the action of T factors through a eyelic group or the symmetric group S3 on three letters (in 
type -D4). Since the fixed point subalgebra in type D4 is the same for the full S's-action as it 
is for the action of the subgroup Z3, we may in fact assume that T is eyelic. Thus the result 
follows from the fact that (a) implies the conclusión. □ 

Assumption 1.2. For the remainder of this paper we will assume that the subalgebra g° is 
abelian. By Lemma 1.1, this is true if T is eyelic or acts on g by diagram automorphisms. 
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Example 1.3. An example showing that it is possible to have g r be nonzero and o be 
nonabelian is given in [ABFP09, Example 4.3.1]. Let q be the Lie algebra s defined there. 
Then g is simple of type B¿. Let r = Z 2 x Z 2 x Z 2 be the group generated by the order 
two automorphisms 01,02,03 described in that reference. Then r = sl 2 and o contains 
the subalgebra consisting of block diagonal 7x7 matrices with upper left block a 3 x 3 zero 
matrix and arbitrary skew-symmetric lower right 4x4 block. Thus o is not abelian. 

Definition 1.4 (Equivariant map algebra). The map (Líe) algebra (or generalized current 
algebra) associated to q and A is the tensor product g © A, with Lie bracket given by 
extending 

[u © /, v <g> g\ = [u, v] © fg, u,v G g, f,g e A, 

by linearity. Thus g®A is the Lie algebra of algebraic maps from X = Spec A to g (identified 
with affine space) equipped with pointwise multiplication. The associated equivariant map 
(Lie) algebra is the Lie algebra of fixed points (g © A) T C g © A, where we consider the 
diagonal action of V on g © A. Thus (g © A) r is the subalgebra of g © A consisting of those 
maps which are equivariant with respect to the action of T. 

Since T respects the decomposition g = g~ © g° © g + , we have a decomposition 

(1.2) (g © Af = (g~ © A) r © ( ° © A) r © (g + © A) r . 
We let 

(1.3) U T -.= U{{g®A) v ), :=W(( S °©A) r ), Uf ■■= ® A) r ). 

Let S be the character group of T. This is an abelian group, whose group operation we 
will write additively. Henee, is the character of the trivial one-dimensional representation, 
and if an irreducible representation affords the character £, then — £ is the character of the 
dual representation. 

If T is abelian and acts on an algebra B by automorphisms, it is well known that B = 
@£ gS B^ is a S-grading, where B^ is the isotypic component of type £. It follows that (0® A) r 
can be written as 

(1-4) (0 © A) T = ?eH 5 © A^, 

since = 0£0£ and A = ? A% are S-graded and (0^ © A^) r = if £' ^ — £. The 
decomposition (1.4) is an algebra S-grading. 

For the remainder of this section we assume that V is abelian, acts freely on X rat , and 
acts by diagram automorphisms on 0. Then the set of nodes Ir of the Dynkin diagram of 
r can be naturally identified with the set of T-orbits in /. We will often equate the two in 
what follows. 

Definition 1.5 (S , £ r , Yp, ^ x , wt, wtr, ht, htr, £\>, £\)- Let £ denote the set of finitely 
supported functions i¡j: X rat — > A + . Here the support of i¡) G £ is 

Supp^ = {x G A rat | if)(x) ^ 0}. 

Since T acts on by diagram automorphisms, it acts naturally on A + . We let £ r denote the 
subset of £ consisting of those functions which are T-equivariant. 
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For a T-invariant subset Y of X rat , let Yp denote the set of subsets of Y containing exactly 
one point from each T-orbit in Y. For ip G S T and x G (Supp^)r, define 



fpx- AT rat A + , í¡J x (x) 

For ip G £, we define 



^(x) if x G x, 
if x ^ x. 



wt^== E.esupp^^) e A+ - 

If ?/> G S r , we define 

wtr"^ : = (wt^ x )|^,r for x G (Supp-?/>)r 
(this definition is independent of the choice of x) . 

For A' G A, write A' = hai, hi G Q, as a linear combination of simple roots, and 
define 

htA' := Zieiki- 

Similarly, for A G Ap, write A = X^iei ^i a h K G Q, as a linear combination of simple roots, 
and define 

ht r A := £ ie/r fcj. 

For ij) G £ (resp. %¡j G £ r ), we define 

ht i¡> ■= ht(wt i/)), (resp. htr i> '■= htr(wtr VO)- 

For A' G A+ (resp. A G A+), define £ x > — {i¡) G 8 | wt ip = A'} (resp. £\ — {i¡) G 
S r | wt r ^ = A}). 

Since T acts freely on X rat , the isotropy of any point of X rat is trivial. Having fixed 
a triangular decomposition of g, the irreducible finite-dimensional representations of g are 
enumerated by the set A + of dominant integral weights (by associating to a representation 
its highest weight). Thus, by [NSS12, Th. 5.5], the irreducible finite-dimensional (g ® A) r - 
modules are enumerated by the set S r . 

Definition 1.6 (Modules V r (xjj), V(i/j)). For i¡> G £ r , we let V r (ip) denote the corresponding 
irreducible finite-dimensional (g ® A) r -module. Similarly, for ip G £, we let V(ip) denote the 
corresponding irreducible finite-dimensional (g ® A)-module. 

2. Global Weyl modules 

In this section we introduce our main object of study, the global Weyl module. Let a be a 
reductive Lie algebra. Then, given a triangular decomposition a = n~ffit)©n + , the irreducible 
finite-dimensional modules of a are naturally enumerated by the dominant integral weights 
of o. For a dominant integral weight A of a, let V(A) denote the irreducible a-module of 
highest weight A and let v\ G V(A) be a highest weight vector. 

Definition 2.1 (Partial order on Irra). Suppose that V\ and Vi are finite-dimensional ir- 
reducible a-modules. If we fix a triangular decomposition a = n~ © f) © n + , then V¿ has a 
highest weight A¿, i = 1, 2. We say that Vi < V¿ if A2 — Ai lies in the positive root lattice of 
a. This partial order is independent of the particular choice of triangular decomposition. It 
induces a partial order on the set Irr a of isomorphism classes of finite-dimensional irreducible 
a-modules. 
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Let V be a direct sum of irreducible finite-dimensional a-modules. Thus we have a de- 
composition 



We will identify g r with the subalgebra g r (g) k = (g <8> k) r C (g ® A) r . For a (g <8> >l) r - 
module V a and A 6 ()p (for some Cartan subalgebra f)r of g r ), we denote by V\ the A weight 
space of V, where V is considered as a g r -module by restriction. 

Definition 2.2 (Categories X r , X< r and X< A ). Let X r denote the full subcategory of the 
category of (g ® A) r -modules whose objects are the modules whose restriction to g r are 
direct sums of irreducible finite-dimensional g r -modules. For r G Irrg r , let X< r denote the 
full subcategory of X r whose objects consist of those modules whose a isotypic components 
are zero for o G Irrg r , a r. That is, the objects of X< T are (g <8> v4) r -modules whose 
decomposition into isotypic components is of the form V = ® CT<r V a . If we have fixed a 
triangular decomposition of g r , then Irrg r can be identified with the set Ajt of dominant 
integral weights for g r . In this case, we will sometimes write X< A instead of X< T , where r is 
the isomorphism class of the g r -module of highest weight A G Ajt. If T is the trivial group, 
we often omit the superscripts T. 

Lemma 2.3. IfVisa direct sum of irreducible finite-dimensional a-modules, then so is the 
tensor algebra T(V) ■■= (&™ =0 V® n . 

Proof. This follows from the fact that the action of a preserves each summand V® n , which 
clearly has the given property. □ 

Lemma 2.4. If V is a direct sum of irreducible finite-dimensional q t -modules, then the 
induced module 



is a projective object in the category 2 . 

Proof. Consider the action of g r on g <g> A given by (restriction of ) the adjoint action on the 
first factor. Since g is a completely reducible g r -module, it follows that g £g> A is a direct 
sum of irreducible finite-dimensional g r -modules. It is easily checked that g r preserves the 
subalgebra (g <8> ^4) r , which therefore also has this property. Then, by Lemma 2.3, we see 
that T((g®v4) r ), and henee Wp, are direct sums of irreducible finite-dimensional g r -modules. 
Since the tensor product is distributive over direct sums, Ur®kV is a direct sum of irreducible 
finite-dimensional g r -modules, henee so is its quotient P r (V). Thus P r (V) G ObX r . The 
fact that P r (V) is projective in this category is a special case of a standard result proved in 



Definition 2.5 (Twisted global Weyl module W V {V)). Let V be an irreducible finite- 
dimensional g r -module. The corresponding (twisted) global Weyl module is the (g ® ^4) r - 
module 




(2.3) 



[Hoc56, Lem. 2]. 



□ 



W r (V) := P T (V)/(U r (P r (V) t[v] )), 
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where [V] G Irrg r is the isomorphism class of V. Up to isomorphism, W^ r (V) depends only 
on the isomorphism class of V. If T is trivial, we will often drop the superscript T. It follows 
immediately from Lemma 2.4 that, for all r G Irrg r and V G r, we have W^ r (V) G ObZ< T . 

Given a triangular decomposition $j r = rip © f) © up" of g r , we use the notation V r (\) 
to denote the irreducible $j r -module of highest weight A G Ap~ and v\ to denote a highest 
weight vector in this module. If T is trivial, we omit the T superscripts. 

Lemma 2.6. For any dominant integral weight A G Ap~, /¿ave 

ty r (A) := W r (V r (X)) = (U T © w(s r) V r (A))/(W r ( + © A) r © v]-). 

W^e let w\ denote the image of 1 © u£ m í/ie above quotient. Then iy r (A) generated by 
r 

Proof. Let I a = í^ r (A) and u = f^. We need to show that 

(2.4) U t (q + ®A) t ®v = U t (P t (V)) mv] . 

It is clear from the definition of g + that we have a weight decomposition 

(g+ © A) T © v = p , e7WA ((g + © A) r © v)^ . 

Thus the left hand side of (2.4) is contained in the right hand side. 

It remains to prove the reverse inclusión. For this, it suffices to show that 

P T (V) T CW r (fl + ©A) r ©í; 

for all r £ [V]. Now, 

P r (^/) = © u = (Wf Wp 1 © u) + (W r (fl + © A) r © u) 

and the first summand is contained in © M<A P r (V) fl . The second summand thus contains 
all submodules of P r (V) generated by vectors of weight \i for /i ^ A, henee it contains 
P r (V) T . □ 

Remark 2.7. In the case that T is trivial, it follows from Lemma 2.6 that Definition 2.5 
agrees with the usual definition of the untwisted global Weyl module (see [CFK10, §3.3]). 
Furthermore, Definition 2.5 reduces to the definition of the twisted global Weyl module in 
[FMS, Def. 3.3] when A = C[t ±:L ] and T acts on g by diagram automorphisms. Outside of 
these cases, the general definition of the global Weyl module does not seem to have appeared 
previously in the literature. 

We conclude this section by giving a presentation of the global Weyl module in terms of 
generators and relations. 

Proposition 2.8. The global Weyl module W r (X) is generated by the vector with defining 
relations 

(2.5) ( + ©A) r ^ = O, (h®l)w T x = \(h)w T x , (/f © l) x ^ +1 w T x = 0, hefc, i 6 Ir- 

Proof. That satisfies the latter two relations follows immediately from the fact that t> A 
does, and for the first relation we only need to observe that the weights of Vy r (A) lie in 
A — Qy . To see that these are all the relations, let W be the (g © v4) r -module generated by 
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a vector w with the given relations, so that there is a surjective homomorphism of (g © ^4) r - 
modules 7Ti : W — > W r (X), extending the assignment w i— >■ By the relations in (2.5), the 
vector u; G W generates a g r -submodule of IV isomorphic to a quotient of ^ r (A). Thus we 
have a surjective homomorphism 

7T 2 : P r (V) -)■ W : Ui ®u( s r ) u 2v{ ^ u x u 2 w, U\ G W r , n 2 G W(g r ). 

Since the g r -weights of W are bounded above by A, it follows that P r {V)^ v r (\)] ^ ker^). 
Thus 7r 2 induces a map W^ r (A) — > W inverse to 7r±. □ 

3. The Weyl functor 

In this section we extend the definition of the Weyl functor defined in [CFK10] (in the 
untwisted setting) to the twisted setting of equivariant map algebras. Throughout this 
section we fix a triangular decomposition g r = nf © f)r © np". 

The following lemma is a modification of the construction in [CFK10, §3.4]. Recall the 
definition of given in (1.3). 

Lemma 3.1. The assignment 

(uw\)a ■= uaw\, for all a G ¿/p, u G bír, 
defines a ríght action oflÁ^ on W T (X). 

Proof. To prove that this action is well-defined, we must prove the implication 

r / r , r / r 

uw x = uw x =r- uaw x = u aw x 

for all ii, tí' 6 Wr and a G Wp 1 . This is equivalent to proving that 

(u — u')w\ = ==>- (u — u')aw\ = 

for all u, u' G Ur and a G U®. For this, it suffices to show that the vectors aw\,a G U®, 
satisfy the defining relations of w\ given in Proposition 2.8. It follows from the definition of 

that aw\ G W r (\)\. Henee each such vector must lie in the [V r (A)]-isotypic component 
of W r (\), and so the relation (f[ © l) x ^ )+1 aw{ = must hold. Finally, (g + © A) T awl = 
since the weights of W^ r (A) are bounded above by A. □ 

Definition 3.2 (Algebra Ap). The set Ann w o(u^) = ju G \ uw^ = 0} is an ideal in the 
(commutative) algebra Wp 1 , and we define 

(3.1) A r :=Wp°/Ann w oK). 

It follows from Definition 3.2 that H^ r (A) is a (Ur, Ap)-bimodule. 

Lemma 3.3. Every inner automorphism of g r can be extended to an inner automorphism 
of g commuting with the action ofT. 

Proof. Let a be an inner automorphism of g r . Then a acts trivially on the center of g r and so 
it suffices to extend the restriction of a to the semisimple part [g r , g r ] of g r . This restriction 
can be written in the form e aáx í e aáx 2 . . . e adx n ^ w h ere Xi g ([g r , g r ])/3 ¿ , i — 1, ... , n, and each 

01 is a (nonzero) root of [g r ,g r ] (see, for example, [Hum75, Th. 27.5(e)]). Since g is a sum 
of finite-dimensional irreducible g r -modules, the action of adx¿ on g is nilpotent (since it 
increases weights by /3¿) for all ¿ = 1, . . . , n. Thus a extends to an inner automorphism of 
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g. Furthermore, since Xi G g r for each i — 1, ... , n, this automorphism commutes with the 
action of r on g. □ 

Proposition 3.4. Up to isomorphism, Ap depends only the isomorphism class ofV r (X) and 
not on the choice of triangular decomposition of g r . 

Proof. Let Di = (tv^., fj£>j)> i = 1,2, be two triangular decompositions of g r and fix a 
finite-dimensional irreducible g r -module V. For i = 1,2, let A¿ be the highest weights of 
V with respect to the triangular decomposition Di and let Vi be a highest weight vector. 
By [Bou75, Ch. VIII, §5, no. 3, Prop. 5] there exists an inner automorphism a of g r such 
that cr(í) £)l ) = t) Di and a carries the positive root spaces to the positive root spaces. By 
Lemma 3.3, we can extend a to an inner automorphism of g, also denoted a, which commutes 
with the action of T. Thus a induces an automorphism of (g ® A) T . For a g r -module (or 
(g <g> A) r -module) W, let W denote the module obtained from W by twisting the action by 
o. That is, W a is equal to W as a vector space, with action given by 

(x, w) !->■ a~ 1 (x)w, x G g r (resp. x G (g ® >l) r ), w G VF CT . 

Then, in V a , V\ is a highest weight vector with respect to D 2 of highest weight Ai o a^ 1 . 
Since a is inner, V a = V (see, for instance, [Bou75, Ch. VIII, §7, no. 2, Rem. 1]) and 
so Ai o cr _1 = A2. Thus we have an isomorphism V a = V determined by v\ 1— > v-¿- This 
isomorphism maps uv\ to a{u)Vi for all u G W(g r ). 

We also have an isomorphism (Wr) CT — of (Ur, W(g r ))-bimodules, where {UvY has the 
action twisted on both sides. This isomorphism maps u to o~(u) for all u G (p(r) a - Thus we 
have an isomorphism 

(3.2) (U v y ®um V a = U v ® w(a r) V, u ® V\ 1 y a{u) ® u 2 , 

of left ¿Yp-modules. 

Now, ^(g^J = q° D2 , where g^. denotes the centralizer C g (f)£) ¿ ) for i = 1,2. It follows 
that ct(U((q Di <g> A) r )) = U((q% 2 ® Á) v ). Furthermore, the isomorphism (3.2) implies that 
a { k ™u({sP Di ®Af){ 1 ® «1)) = An %(( '¿ 2 ®A)r)( 1 ® «2), completing the proof. □ 

Each weight space iy r (A) M , /i G A r , is a right Ap-submodule. In particular, W r (\)\ is a 
right Ap-module and 

W r (X) x = A£ as right A^-modules. 

Definition 3.5 (Twisted Weyl functor W A ). For A G Ap, we define the right exact (twisted) 
Weylfunctor (c.f. [CFK10, §3.4], [FMS, §4.1]) 

W^: Ap-mod^X^, W r x M = W r (\)® A >M, W r J = 1 <g> /, 

for M G ObA^-mod, / G Mor Ap-mod. That W^M G ObX^ A for all M G ObA^-mod 
follows from the fact that LF r (A) G ObX^ A . 

Lemma 3.6. For A G Ap" and V G ObX< A; have (Ann u o(w\))V\ = 0. 

Proof. Suppose v' G Va and let V = U(Q r )v' be the g r -submodule of V generated by v'. 
Since V G ObX< A , it follows that V is finite-dimensional. Since v' is a highest weight 
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vector and V is a sum of irreducible finite-dimensional r -modules, we see that V = V r (X). 
Identifying V with ^ r (A), we therefore have a linear map 

ip: U T ®u{¡F) V r (X) ~* V, u ® v \-t uv, u eW r , ve V T (\), 

and 

Ut{q + ® Af ® vi C ker y?. 

Thus <¿> descends to a homomorphism <¿5: W r (X) — > V mapping w; A to v' . Henee if u G 
Ann w o(w; A ), we see that W = <^(mü A ) = (p(0) = 0. □ 

Note that 

VV^Ap = W T (X) as (fl <g> A) r -modules, 

and 

(W A M) M = W r (X) fl ® a a M as vector spaces, 
for A G Ajt, /i G A r and M G Ob Ap-mod. 

Definition 3.7 (Twisted restriction functor R A ). By Lemma 3.6, the left action of ¿Yp 1 on 
V G ObX< A induces a left action of Ap on V\. We denote the resulting Ap-module by R>V. 
For -0 G Hom^r (V, V), the restriction R A ^ : V\ — > is a morphism of A r -modules. These 

maps define the (twisted) restriction functor R A : X< A — >■ Ap-mod. The functor R A is exact 
since restriction to a weight space is exact. 

The following is a generalization of results which are known in the untwisted case (see 
[CFK10, §3.6 and Prop. 5]). 

Proposition 3.8. The functors W A and R A have the following properties: 

(a) R A W A = Id A A_ mod (isomorphism of functors), 

(b) W A is left adjoint to R A; and 

(c) the functor W A maps projective objeets to projective objeets. 

Proof. (a) For M G Ob Ap-mod, we have the following isomorphisms of left A r -modules: 
R^W^M = (W[M) X = W r (X) x ® a a M = Ap ® a a M^M. 
(b) We must define natural transformations 

e : =► Id 2 r A , n : Id A A. mod =► R^ W T X , 

such that for each M G Ob A r -mod and V G ObX< A we have equality of morphisms 

(3.3) Id W r A f = e w r M o W{(r) M ), ld R r v = R A (ey) o r¡ R r v . 

For M G Ob Ap-mod, define 

rj M : M -> R^W^M, m^w T x ®m. 

It is straightforward to verify that t)m is natural in M and thus the collection {r¡M \ M G 
Ob Ap-mod} does indeed define a natural transformation 77: Id A A_ mod =>- R A W A . 

For 1/ G ObX£ A , define e v : W^R^V ^ V as follows. First, we regard W r (X) £§>ikR A V as a 
left (0® A) r -module via the action of (g(g) A) r on VT r (A). Then it follows by Proposition 2.8 
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that the assignment e\ : W r (X) ®k R A V^ ~~ ^ given by raoj <g> v (-)■ w, i¿ G Wr, is a well- 
defined map of left (q (g) v4) r -modules. To see that this map factors through to a map 
ey : W A R A V" — > V we observe that for a G Ap and a 6 Wr, we have 

ei(mu A a £g> v) = ei(uaw x ® v) = uav = ei(uw\ ® av). 

Again, it is straightforward to check that ey is natural in V . 

Finally, we check the equalities in (3.3). For M G Ob Ap-mod and m G M, we have 

(e w r A / ° w x(Vm))( u ^x ® m) = e w r M (uw{ ®w r x ®m) = uw{ <g> m, 

and for V G ObX< A , m G R A V, we have 

(RaOv) o r/ R r y )(m) = R{(e v )(w{ ® m) = m, 

which establishes (3.3). 

(c) This follows from the the fact that W A is left adjoint to a right exact functor (see, 
for example, [HS97, Prop. II.10.2]). □ 

Corollary 3.9. For X G Ajt ; the global Weyl module W r (X) is a projective object in X< A . 

Proof. This follows from Proposition 3.8(c) and the fact that W A Ap = W r (X). □ 

By Proposition 3.8 (a), we have 

(3.4) W T X M = W¿R£w£M for all M G Ob A r -mod. 

The following theorem gives a homological characterization of this property. In the untwisted 
case (i.e. when T is trivial), it was proved in [CFK10, Th. 1]. 

Theorem 3.10. Let V G ObX^ A . Then V = W T x R r x V if and only if for each U G ObX^ A 
with U\ = 0, we have 

Hom x r^(y, U) = 0, Ext^r (V, U) = 0. 

Proof. First, let V G Obl£ A with V *á W^R^V. Suppose there is a homomorphism of 
($j ® v4) r -modules <p: V — > U, where U G ObX< A with U x = 0. By hypothesis V is generated 
as a Wr-niodule by R A V, but on the other hand R A <¿> = 0. Henee, tp — 0. 

To establish the second condition, let P be a projective object of Ap-mod equipped with 
a surjective homomorphism n: P — > R A V\ Applying the right exact functor W A yields a 
surjective homomorphism of (g £g> y4) r -modules 

1 ® 7T : W r x P -> W r x R r x V V, 

with W A P a projective module by Proposition 3.8(c). Take K = ker(l ® ir) to obtain a 
short exact sequence 

(3.5) ->■ K -> W r x P -> F -> 0. 

Now, -fí is generated by Á' A as a Wr- m odule, being a homomorphic image of W A (ker7r), 
which is itself generated by its A weight space W r (X) x ® A \ (ker ir). Thus Hom x r (.fí, U) = 0, 
and it follows from the long exact sequence obtained by applying the functor Hom^r^— , U) 
to the sequence (3.5) that Ext^-r (V, U) = 0. 
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Conversely, let V E ObZ< A satisfy the given vanishing conditions on Hom and Ext 1 . 
Set V = U r V x and observe that V/V E ObX[ with (V/V') x = 0. Thus our hypothesis 
implies that Hom x r(V r , V/V) = 0, so that V = V. We immediately see that the map 

ev- W^R^V — > V defined in the proof of Proposition 3.8 is surjective. Let U = ker(ey), so 
that U\ = 0. Consider the short exact sequence 

-> U -> W^R^I/ ^ V ->■ 0. 

The long exact sequence obtained by applying Hom^r (— , [/) now gives Hom x r (U, U) = 
and henee U — 0. Thus is an isomorphism, which completes the proof. □ 

4. Properties of global Weyl modules 

This section marks the beginning of the second part of the current paper. For the remain- 
der of the paper, we assume that T is a finite abelian group acting freely on X rat and acting 
on g by diagram automorphisms. (Note that T is a finite abelian group and acts freely on 
X rat in the case of (twisted) loop and multiloop algebras.) Under this additional assumption, 
we shall deduce in this section some further properties of global Weyl modules and of the 
algebra A A . In particular, we will see that both are finitely generated. This generalizes the 
results of [FMS] (which considers the twisted loop algebra), but is new even in the case of 
twisted multiloop algebras. 

Fix a triangular decomposition g = n_ © f) © n + . Then, since T acts by diagram automor- 
phisms, we have an induced triangular decomposition g T = vF_ © f) r © n+. We let R + (resp. 
IT) and .Rp (resp. ITr) denote the sets of positive (resp. simple) roots of g and g r respectively. 

Lemma 4.1 ([Bou85a, Ch. V, §1, no. 9, Th. 2]). The algebra A r is finitely generated (as an 
algebra) and is finitely generated as an A r -module for all £ E H. 

Remark 4.2. Lemma 4.1 allows us to make a simplifying assumption as follows. Let I~" be 
the subgroup of V acting trivially on q (equivalently, fixing the Dynkin diagram of g). Then 
(g © A) r = (g © A r ) r / r . By Lemma 4.1, A r is finitely generated. Thus, replacing A by 
A T ' and Y by T/F, we may assume without loss of generality that T acts faithfully on g 
(equivalently, on the Dynkin diagram of g). Since T is abelian, this implies that T is either 
trivial or is a eyelic group of order two or three. 

Assumption 4.3. For the remainder of the paper we will assume that T is a eyelic group 
generated by an automorphism a of the Dynkin diagram of g. 

Lemma 4.4. Let £ E H \ {0}. Then there exists a finite subset of A^ that generates A as an 
algebra. 

Proof Since A is finitely generated, it admits a finite generating set {ai, . . . ,a n }. Taking 
homogeneous components of the elements in this set, we may assume that each a¿ is ho- 
mogeneous (i.e. belongs to A T for some r E S). Let m = \T\. By [NSa, Lem. 4.4], we 
have (A^) m = A mí . = A . Thus, we can write 1 = Y!í=i 9¿,i9£,2 • - ■ 9¿,m for some g i)S E A¿, 
i — 1, . . . , k, s — 1, . . . , m. Let S = {ai, . . . , a n } U {g¿, s \ i — 1, . . . , k, s — 1, . . . , m}. 

Now, suppose a¿ E A T for r^(. Since T (henee S) is a eyelic group of order two or three 
(see Remark 4.2), £ generates H. Thus we have — r = (r — 1)£ for some 1 < r < m. So 
t + r£ = £. Now, ai = a¿l = a¿ J2¿=i 9¿,i9i¿ ' ' " 9i,m- For £ = 1, . . . , k, let a it e = ai9i,\ • ■ ■ ge, r G 
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and set S' = (S \ {a¿}) U {a^i, . . . , a^}. Then S' generates A and, compared to S, has 
one fewer element that does not lie in A¿. The result then follows by induction. □ 

Definition 4.5 (ó~¡). For i G Ir, define 

{1, if g is of type A 2n , 
1, if g is not of type A 2n but a¡ is a short root (i.e. |i| > 1), 
|r|, if g is not of type A 2n and a¡ is a long root (i.e. |i| = 1), 

where we have identified Ir with the set of T-orbits in I and |i| denotes the size of the orbit 
i. 

Definition 4.6 (T,¿, e¿ <8> a, /» <8> a, /i¿ <8> a). Let {e¿, /¿, /i¿}¿eJ be a set of Chevalley generators 
of g. For z G /, let r¿ = {7 G T | 72 = i} be the isotropy subgroup of i. Then, for a G A Ti , 
let 

e¿ ® a ■= E 7 er/r ¿ 7(e¿ ® a) = E 7 er/r ¿ e 7¿ ® 7(a) e ( n+ ® ^) r - 

We define /¿ Cg> a and hi® a similarly Note that replacing i by another element in the same 
T-orbit in / only changes the above elements by a scalar múltiple. 

The elements ft, ® o, i 6 /, a G A Ti , span (f) ® A) r . Now fix £ G 2 \ {0}. Since 
(A 5 ) |r| = A v (by [NSa, Lem. 4.4]), we see that the elements /i«®fl íi ,i6/r,¿6i,a6 A$, 
also span (f) (g) v4) r . 

For 6 an element of any associative algebra B, we denote by the divided power b r /r!. 

Lemma 4.7. Suppose £ E N, a £ A% for £ G H \ {0}, and i G ir- ¿eí z G i. Táen íáere ezzsí 
q(i, a) s G W((f) £*D ^4) r ), s = 1, . . . ,£, such that the following statements hold. 

(a) We have q(i, a) — 1 and q(i, a) s G W((f) ® k[a] s ) r ) ; where 

H a ]s : = {E¿=o c ¿ a<5i¿ I Ci, . . . , c s G k} C A 
-íffl ^ s no ¿ °/ ^ e ^2n, or z/g is of type A 2n and a¡ is a long root, then 

(4.1) (i7®^) (£) (^¥l) (í+1) + (-l) m £Í=o(/i®a í,( '- a) M¿, a)- e W r (n+ ® A) r . 
(cj I/g z's 0/ íype A 2n and a¡¡ G -ñp - z's ¿áe simple short root o/g r , íáen 

(4.2) (^2 i7®T) (2í+1) (y< ® + EÍ=o(v^ /i<8>a £ - s+1 )g(¿, a), «= W r (n+ ® A) r , 
where t/i = — [/¿,/¿+i] G gi and íáe subscript 1 aere denotes the nonzero element of 

Proof. The homomorphism of k-algebras k[í] — >■ A given by í t— >• a extends to a homomor- 
phism of Lie algebras g <g> k[t] — > g <S> A. Applying this latter map to the formulas found 
in [CFS08, Lem. 3.3] proves the lemma. Note that [CFS08, Lem. 3.3(iii)(a)] is incorrect. 
To obtain the correct statement, one should replace t mk+e in the power series x~(n) in that 
reference by t mk+t+1 . □ 

Theorem 4.8. For all X G Ajt , Ap is a finitely generated algebra. 



16 GHISLAIN FOURIER, NATHAN MANNING, AND ALISTAIR SAVAGE 

Proof. If the action of T on g is trivial, then (g <g> A) T = g <g> A r and the theorem follows 
from [CFK10, Th. 2 (i)]. Thus we assume that T acts nontrivially on g. Fix ( é H \ {0}, let 
{ai, . . . , cin} C be generators of A as an algebra (see Lemma 4.4) and fix a generator a k 
with 1 < k < N. 

First, suppose either that g is not of type A 2n and «i is any simple root of g r , or that g is 
of type A 2n and a¡ is a long root of g r (i.e. i ^ {n, n + 1} when we identify 7p with T-orbits 
in /). For any homogeneous a G v4 r % multiplying both sides of (4.1) by e¡ ® a on the left 
gives the following identity in Wp: 

(i7W^)(¡^4)W(^¥l)( f+1 ) + (-iy +1 El=o(hi®aa 5 ,; ie - s) )q(i, a k ) s G U r (n+ ® A) r . 
Now suppose that £ > A(á¡). In this case, we have (/¿ (g> l) £+1 u>^ = 0, and thus 

(8) aa^)w[ = - (j2l =1 {hi <g> aa¿ {í ~ s) )q(i, a k )^j w\. 
Iterating this argument, it follows that for all s±, . . . , s n G N, 
(4.3) (hi ® a¡ iSl ■ ■ ■ a% SN )w{ = H(i, s h . . . , s N )w{, 

where H(i, si, . . . , s^) is a linear combination of finite producís of elements of U((t) <S> A) T ) 

of the form (/¿ ¿ (g) a^ 1 ■ ■ ■ a^ n ) with < í\, . . . , £¡y < A(á¡). Therefore, the images of the 

vectors 

{(h i ®aí tl ---a% i > 1 ) : < h, . . . ,i N < A(/m)} 

genérate Ap. 

Let g be now of type A 2n and suppose that i corresponds to the orbit {n, n + 1}, that is, 
q¡í is the simple short root of g r . Since the generators a±, . . . , lie in A\ (where 1 denotes 
the nontrivial character of T), it follows that y%® a k G (g <g) A) r . Let a G A. Multiplying 
both sides of (4.2) by a/2 e¡ ® a on the left gives 

2 £+1 (¿7®^)(^T) (2í+1 % <g> a fc ) (m) + EÍ =0 2(/i i ®aaí- +1 )g(¿ J a Jfe ) a G W r (n+ <g) A) r . 
Now, we claim that for all í > r¿ := |A(ái), we have (y¿ £g> afc) £+1 w^ = 0, which implies that 

Iterating this, we arrive again at (4.3) (with the upper bound A(/¿¡) on £j, 1 < j < N, 
replaced by r¿ + 1), and the result follows. 

It remains prove the claim. A straightforward calculation shows that [h, y¿ = —2o¿i(h)yi 
for all h G f). Thus, (y¿ (g> a k ) ri+1 w\ has weight A — (A(/i¡) + 2)a¡, and so it suflices to show 
that A — (A(/¿i) + 2)cüí is not a weight of W r {\). Since iy r (A) is a direct sum of irreducible 
finite-dimensional g r -modules, its weights (which all lie below A) are invariant under the 
action of the Weyl group of g r . But s¡(A — (A(á¡) + 2)a¡) = A + 2a¡ does not lie below A, 
concluding the proof. □ 

Lemma 4.9. Suppose r G N, a G A r ; a G -Rp~, and is an sí 2 -triple in g r 

corresponding to a. Then 

(x+ ® a) r fe (8) l) r+1 - E r s=o( x * ® a r " s )p(a, a), G W(g r ® A r )(n^ ® A r ), 
/or sorae p(a, a) s G ¿Y(f) r ® A r ) CW(((j® A) r ) with p(a, a) = 1. 
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Proof. This follows from [CFK10, Lem. 5] (see also [Gar78, Lem. 7.5]), where we replace the 
g and A there by g r and A T respectively. □ 

Theorem 4.10. For all X £ A¡t ; the global Weyl module W r (X) is a finitely generated right 
A^-module. 

Proof. If the action of T on g is trivial, then (g £g> A) r = g ® v4 r and the theorem follows from 
[CFK10, Th. 2(i)]. Thus we assume that T acts nontrivially on g. 

Let {ai, . . . , a s } be a finite set of generators of A r (see Lemma 4.1). By Proposition 2.8, 
we have (n + ®A) r w^ = 0, where w\ is a generator of W r (X). We also have ¿Y((f)C*D;4) r )u^ = 
u>^Ap. Then the PBW theorem implies that 

W r (X) = W((tT ® A) r )w^. 

For a positive root a £ _Rp of g r , let {x^,x~, h a } C g r be a corresponding s[ 2 -triple. 

Claim 1: For all a £ i?p , we have 

(x~ ® A r )^ C Span{(a;- <8> af 1 ■ • -¿//KA* | <4, . . .,£ s < X(h a )}. 

Proof of Claim 1: Let r > X(h a ) and 1 < ¿ < s. By Lemma 4.9 we have 

ELofe ® <">K a) s w{ = fe ® fe <g> l) r+1 < = 0. 

Thus 

(a;~ (8) O^a e Span{(x~ <g> a-)u^Ar | < s < r}. 
We then have, by induction, that 

(4.4) (x~ <8> oJ)wa e Span{(x" ® A£ | < £ < A(/i a )} for all r > A(/i a ). 
Now, for 1 < «, j < s and m¿, m¿ £ N, we have 

(4.5) {K <g> af )fe ® =(-2x~0 a^cC + (x~ <g> aDflí» <g> aJ^K 

£ -2(x" ® a^K + fe ® CKA¿ 

and so 

(x- ® v<' )<<a e ® fe ® ex + fe ® «r>[A? 

£ Span{(/i Q ® a™ J )(x" ® a-)^A A r, fe ® a¿)™A A r I < £ < A(/i a )} 
by (4.4). Then, using (4.5) with m¿ = we have 

(4.6) (x~ ® c^O^a e Span{(x" <g> af af)iüjA^ fe ® a¡)u$A$ \ 0<£< X(h a )}. 
Replacing j, i, rrij, m¿ by i,j,£,m,j (respectively) in (4.6), we have 

fe ® a-af )u>£ £ Span{fe ® afa/)iü^Ar, fe ® a/)io¿Ar | < < h(h a )}. 

Thus 

fe ® af 'CK e Span{(x" ® a^aj KA¿ | < £^ < X(h a )}. 
Repeating the above argument gives 

(4.7) (x a -®(¡r--CK e Span{fe «af •••a^)w A A r 1 | < 4 < A(/¿ Q ) V ¿}. 
Since {a™ 1 ■ ■ • o™ 3 | m¿ > 0} is a spanning set of A T , Claim 1 follows. 

Claim 2: As a right Ap-module, (n' ® A) r w\ is finitely generated, where n' ■= © ag nfl-<*- 
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Proof of Claim 2: Let ra be the order of the generator a of Y . This generator a induces 
a permutation of the simple roots of g. For a simple root ¡3 G n of g, we denote by 
{yt,yp~, hp} Cga corresponding sl 2 -triple. A basis of (n') r is given by the set 

B := { V p | p e n, a(p) = p} u {e^ 1 I P e n, a(/3) ^ /?} . 

If m = 2, we have a basis fío L-l fíi of n' where 

Bi ■= {y'p - y; w I PelL, a(p) ± p} 

consists of cr-eigenvectors of eigenvalue —1. If ra = 3 we have a basis SoUfíi Ui3 2 of n' where 

&i ■■= {v]i + vv; w + v 2 y;* m I /? e n, <r(/3) + p}, 
B2 ■■= {y? + v 2 y; w + | p e n, <r(/3) ^ p}. 

Here ¿3¿, 2 = 1, 2, consists of a-eigenvectors of eigenvalue r]\ where r¡ is a primitive third root 
of unity. 

For each a 6 üp, after multiplying by a scalar if necessary, we have x~ = (or 

= a/^EJTo 1 ^^)) an d K = h¡3 a (resp. /i Q = K a Y?¡=o Ki{p a )) for some P<* e 
where n a = 2 if g is of type A 2n and a is the simple short root of g r , otherwise K a = 1. In 
fact, the T-orbit of /9 a is uniquely determined by the condition /3 a Lr = a. 

For the remainder of the proof, we restrict our attention to the case m — 2. The case 
ra = 3 is similar and will be omitted. We have 

(4.8) (n'<8> A) r = (n ® A ) © « <8>Ai), 

where the subscript 1 denotes the nontrivial character of T. Furthermore, fíi is a basis of 
n^. By Lemma 4.1, we know that Ai is a finitely generated A r -module. Let {bi, . . . , bk} be 
a finite set of generators of this module. Now choose a G üp such that cr(/3a,) 7^ /3 a and set 
P = P a . Then 

{(^ - y*(p)) ® «r • • • <^ 1 m J > °> 1 < « < A;} c n; ® Ai c ( n ' ® ^) r . 

Furthermore, (hp — h a (p)) <S> h G (f) ® A) r , and so ((fyg — h a (p)) (g) &¿)^ e ^Ap. Now, 

(4.9) [hp - K m , x-] = [hp - h a( p h y~p + y- {p) ] = -(« a + - j/J^). 
This implies, for all > 0, that 

-(« Q + 1)((^ - y~ m ) <8> a™ 1 • • 

= ((/i/3 - ^(^)) ® &¿)fe (8) af 1 ■ • -a™ s )^A - fe ® <C ■ ■ -<C s )((fy3 - ^08)) ® bi)w{ 
e ((hp - h a{p) ) ® h)(x~ <g> ar • • • a^)^ - fe ® «r • • • < s )wIM 
Q (hp - h a{ p)) ® bi) Span{(x" ® af 1 • • • a¡ s )w T x A^ \ < i { < \(h a )} 

+ Span{(x~ ® ai 1 • • • af s )u^A£ | < ^ < A(/i a ) V i} (by (4.7)) 
C Span{((í/- - y"^) ® ai 1 ■ ■ ■ c£ A£, (x" ® a^ 1 • ■ ■ af s )^A Ar | < t % < \(h a ) V z}, 

where the last containment follows from (4.9). Since k q + 1 ^ and A± is spanned by 
elements of the form a™ 1 • • • a^ s 6¿, we see that ((y^ — y~^) <8> Ai)w^ is contained in 

Span{((^ - y- m ) ® a^ 1 • • ■ a^fo^^A^, (x" ® a^ 1 ■ • • a e ;)w r x A^ | < ^ < A(/i a ), 1 < i < fc}. 
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Claim 2 now follows from (4.8) and the above arguments. 

Completion of the proof of Theorem J^.10: We continué to assume that m — 2, the case 
m = 3 being similar. Define 

£> : = {z ® ■ ■ ■ a 1 ; \ z G B , < í á < X(h a ) V j} and 
V 1 ■■= {z <g> ■ ■ ■ a l s % \ z G B±, < £j < X(h a ) V j, l<i< k}. 

Let V = V U Di. We claim that W((n' <g> A) r )X C ELo°^A A r for a11 " e N+. The 
result is true for n = 1 by the above. Assume it is true for some n > 1. Let w G (n'®A) r and 
ñ G W((n' £g> A) r ) n . Then, by assumption, we have üw x G u'w^A^ for some u' G E&=o^ ■ 
Then we have 

uñw\ G Mw'w^Ap = ([u, u']w^ + u'íiw^jAp 

C W((n' <8> A) r ) n < A ¿ + «'(P^AÍ C ££í 2>X A£. 

Thus our claim holds by induction. 

Now, 

[(n' ® A) r , (n' O A) r ] = [n' g) A + ni <8> Ai, n' ® A + ni ® Ai] 

= (([n' , n' ] + [ni, ni]) <g> A ) © ([n' , n'J ® Ai) 
= ([n',n']®A) r , 

where, in the second equality, we have used that A\ = Aq by [NSa, Lem. 4.4]. Since n' 
generates n_, an easy inductive argument then shows that ZY((n_ ® A) r )i C W((n' (g> A) r )jv 
for some N G N+. Thus, for n G N+, we have 

W((n_ (8) A) r )X c W ((n' <g> A)W< ^ ES^aA^. 

Now, all g r -weights of n_ ® A are nonzero (this follows from the fact that D is a basis of 
n' ® A and all of its elements have nonzero g r -weight) and the set of a r -weights occurring 
in W T {X) is finite. Thus, there exists an M G N such that W((n_ <g> A) r ) n w£A£ = W r (\) 
for all n > M. Therefore E&ü-f T^ e w^A^ = W r (\) and so W r (A) is finitely generated as an 
Ap-module. □ 

Theorems 4.8 and 4.10 are generalizations of [CFK10, Th. 2 (i)], which gives the result in 
the untwisted setting (i.e. when T is trivial). 
We have the following immediate corollary. 

Corollary 4.11. If M is a finite- dimensional A^-module, thenW^M is finite- dimensional. 

It is straightforward to show that if V G ObX r and, for some A G Ajt , we have dim V\ — 1, 
wt V C A - Q$ and W((g <g> A) r )V A = I a , then I a has a unique irreducible quotient. 

The following is a generalization of [CFK10, Prop. 8] and a refinement of Theorem 3.10. 

Corollary 4.12. Let V G ObZ^ A with dim V A < oo. TTaen V = W r x R r x V if and only if 

(4.10) Hom 2 r A (V,t/) = and Ext^r (V, U) = 

/or aZ¿ irreducible finite- dimensional U G ObZ< r ti/ií/i í/a = 0. 
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Proof. The forward implication holds by Theorem 3.10. To prove the reverse implication, 
assume V G ObZ< A satisfies (4.10) for all irreducible finite-dimensional U G ObZ< A with 
U\ = 0. As in the proof of Theorem 3.10, we see that V = <S> Á) r )V\. The map ey of 
the proof of Proposition 3.8 is surjective since V is generated by its highest weight space. 
Thus we have a short exact sequence 

(4.11) ->■ K ->■ W{V X ^ V -> 0. 

By Corollary 4.11, dim W a Va < oo and so dimK < oo and K\ = 0. If K ^ 0, then there ex- 
ists some irreducible finite-dimensional U G ObZ< A with U\ = such that Hom( B8 ^)r (ÜT, U) ^ 
0. A straightforward argument using the long exact sequence obtained from (4.11) by apply- 
ing the contravariant left exact functor Hom( 8 ^)r(-, U) then yields a contradiction. Thus 
K = and henee V = W{V X = W{R{V. □ 

Definition 4.13 (Map V£). Since Ap is a finitely generated commutative algebra, any 
irreducible finite-dimensional Ap-module M has dimensión one. For such an Ap-module M, 
we let V A M denote the unique irreducible quotient of W A M, which is finite-dimensional by 
Corollary 4.11. This defines a map V A from the set of irreducible Ap-modules to the set of 
irreducible finite-dimensional (q ® v4) r -modules. 

Recall the definition of V(ip) and V T {ip) from Definition 1.6. 

Definition 4.14 (Modules M(ip) and M T (ip)). For tp G £ x > (resp. ip E define M(ip) ■■= 
Rx>V{i¡>) (resp. M r (V>) — R^1/ r (^)). 

Proposition 4.15. (a) The global Weyl module W r (X) is the zero module, and henee the 
algebra Ap is the zero algebra, if A G Ap" is not the restriction of some element of A + . 

(b) For all if) G £ x , we have V t (i¡j) ^ V^M r (í/;). 

(c) For all A G Ap, the maps V A and R A induce mutually inverse bijections between 
the set of irreducible finite-dimensional (q Cg> A) 1 -modules whose highest weight as a 
q v -module is A and the set of irreducible finite-dimensional A^-modules. 

(d) The map ip h-> [M r (if))] is a bijection from £\ to the set of isomorphism classes of 
irreducible finite-dimensional A^-modules. 

Proof. (a) Suppose A G Ap". The irreducible (one-dimensional) Ap-modules are of the 
form M = Ap/m for some maximal ideal m of Ap. By Nakayama's Lemma, W A M = 
W r (X) / mW r (X) is zero if and only if the global Weyl module W r (X) is zero. By Corol- 
lary 4.11, W A M is finite-dimensional. If it is nonzero, it has some nonzero irreducible 
finite-dimensional quotient V whose highest g r weight is also A. By [NSS12, Th. 5.5], V is a 
tensor product of evaluation representations (corresponding to representations of q). Thus, 
its highest weight must be a restriction of a weight of g. 

(b) As in the proof of Proposition 3.8, we have a (nonzero) surjective map 

Thus V r (ijj) must be isomorphic to the unique irreducible quotient V A M r (-?/>) of W A M r (-0). 

(c) Let A G Ap". By [NSS12, Th. 5.5], every irreducible finite-dimensional (g®^4) r -module 
with highest weight A is of the form V r (ip) for some %¡j G £\. Thus, by part (b), we have that 
V A R A is the identity map on the set of such modules. Now, for an irreducible Ap-module 
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M, we have that 

R{V{M = (V{M) X = (W{M) X = R r x W{M = M. 

(d) By [NSS12, Th. 5.5], the map ip i— > V r (ip) is bijection from £\ to the set of irreducible 
finite-dimensional (g ® A) r -modules with highest weight A. Then the result follows from 
part (c). □ 

Remark 4.16. The condition in Proposition 4. 15 (a) that A be the restriction of a g weight is 
only relevant in the case that g is of type A 2n (and T acts nontrivially on g). In this case, the 
restriction condition amounts to requiring that when A is written as a sum of fundamental 
weights, its coefficient for the fundamental weight corresponding to the short root be even. 
If g is not of type A2 n , then the restriction map A + — > Ap~ is surjective (see Lemma 5.6(a)). 

The proof of the following theorem will be given at the end of Section 6. Part (b) was 
first proved in [FMS, Th. 6.5]. However, we will provide some details omitted there. 

Theorem 4.17. Suppose k = C and assume that V is abelian, actíng freely on X rat and 
acting on g by diagram automorphisms. 

(a) If A is the coordínate algebra of a smooth complex algébrate variety and X is a fun- 
damental weight of g r , then the global Weyl module W r (X) is a projective A^-module. If, in 
addition, A r is a generalized Laurent polynomial ring C[íf 1 , . . . , í^ 1 , s±, . . . , s m ], n, m G N, 
then the global Weyl module W T (X) is a free A^-module. 

(b) If A = C[t ], then W r (X) is a free A^-module for all X G Ap ; and its rank is equal 
to the dimensión of any local Weyl module. 

Remark 4.18. The condition that Ap is a generalized Laurent polynomial ring can be veri- 
fied in specific cases using the explicit realization of A r given in Section 7 (see Theorem 7.5). 

5. TWISTING FUNCTORS 

In this section we recall the twisting functors introduced in [FKKS12] and prove some 
faets related to them that will be used in the sequel. We continué to assume that T is eyelic, 
acts freely on X rat , and acts faithfully on g by diagram automorphisms (see Remark 4.2). 

We define the support of an ideal J of A to be 

Supp J ■= {m G maxSpecA | J C m} = maxSpec(A/ J). 

Note that the support of an ideal is often defined to be the set of prime (rather than maximal) 
ideáis containing it. So our definition is more restrictive. When we refer to the codimension 
of an ideal of an algebra, we mean its codimension as a k- vector space (and not, for instance, 
some geometric codimension). 

Lemma 5.1. All ideáis of (g ® A) v are of the form (g ® J) v = ?eH g^ ® J-£, where 
J = J% is a T-invariant ideal of A. 

Proof. This is proved in [Sav, Prop. 7.1] in the more general setting of Lie super algebras. □ 

Definition 5.2 (Support). It follows from Lemma 5.1 that the annihilator of any (g® ^4) r - 
module V is of the form (g cg> J) r for a unique T-invariant ideal J of A. We denote this ideal 
J by Ann^ V . Thus 

Ann^ V ■■= (f G A | uV = for all u G (g ® A) T n (g ® /)). 
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We define the support of V to be 

Supp^ V ■= Supp Ann¿ V. 
When the group T is trivial, we will often omit the superscript V. 

Let X* denote the set of finite subsets of X rat that do not contain two points in the same 
T-orbit. 

Definition 5.3 (Categories J-" x and J-" x ). For x G X*, let J-* x denote the full subcategory of 
the category of (g<g) A)-modules whose objects are finite-dimensional (g(g> A)-modules V with 
Supp A yCx. Similarly, let J 7 ^ be the full subcategory of the category of (g (g) A) r -modules 
whose objects are finite-dimensional (g ® v4) r -modules V with Supp^ V C T • x. 

If y is a finitely supported (g <S> v4)-module and V r denotes the corresponding (g <S> A) r - 
module obtained by restriction, then it is clear that Supp^ V T = Y ■ Supp A V . 

Definition 5.4 (Twisting functors T and T x ([FKKS12, Def. 2.8])). We have a natural 
twisting functor T from the category of (g(g)v4)-modules to the category of (g<S>>l) r -modules, 
defined by restriction. For any x G X*, we have the induced functor T x : J-* x — > J 7 ^. 

Proposition 5.5 ([FKKS12, Th. 2.10]). For x G X*, the functor T x : JT X -»■ is an iso- 
morphism of categories. Furthermore, forip G £ r with x G (Supp^)r, we have T X (V(^ X )) = 

Proof. This follows immediately from [FKKS12, Th. 2.10] after the straightforward verifica- 
tion that (ipx) r = ip m t ne notation of that theorem. □ 

Let íüí be the fundamental weight of g corresponding to i G /. So we have A + = Yliei Nu;¿. 
Recall that the set of nodes Ir of the Dynkin diagram of g r can be naturally identified with 
the set of T-orbits in / (and we will equate the two in what follows). For i G Ir, we define 

(5-1) e¡ := y/Ei ^¿ e¡ e¿, f\ ■— ^J~fi : 1 ¿2 iei fi, h\ ■= ^2 iei hi, 

where k¡ = 2 if g is of type A2 n , T acts nontrivially on g and i corresponds to the short root 
of g r (which is of type B n ). Otherwise, k¡ = 1. Then {e¡,/i,/ii} is an sÍ2-triple for each 
i G Ir and these triples genérate g r . We refer the reader to [Kac90, §8.3] for details. 

We let a¡ and uj\ denote the simple root and fundamental weight, respectively, of g r 
corresponding to i G Ir- Thus 

(5.2) A r = ie/r Zui, A+ = i6ír Nwi, Q r = ® ieIr %a h Q+ = ¡e/r Na ; 

are the integral weight lattice, dominant integral weight lattice, root lattice, and positive 
root lattice of g r respectively. 

We conclude this section with a lemma collecting some technical results that will be used 
in the sequel. 

Lemma 5.6. Suppose T acts nontrivially on g by diagram automorphisms. 

(a) For all i G /, we have a»|(,r = an and oüíLt = KnUn- 

(b) For all ip G £ T and x G (Supp^)r, we have htr^ = ht^ x . 

(c) Let \' G A + and set A := A'|¡,r. Then, for V G ObX<A' ; we have T(V) G ObZ< A and 
V\i = T(V)\ as vector spaces. 
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Proof. (a) This is a straightforward computation and will be omitted. 

(b) Suppose ip £ £ r and choose x £ (Supp^)r- Then 

htr ip = htr ((wt ^ x )|f,rJ = ht wt ^ x = ht 

where the second equality follows from part (a). 

(c) Let V £ ObZ<y. Then the g-weights of V lie in A' — Q + , where Q + is the positive 
root lattice of g. By part (a), the $j r -weights of T(V) lie in A — and so T(V) £ ObX< A . 
The second part of the statement follows easily. □ 

6. Local Weyl modules 

In this section we define local Weyl modules and prove some of their important properties. 
We continué to assume that T is cyclic, acts freely on X rat and acts faithfully on g by diagram 
automorphisms. We will also assume that the action of T on g is nontrivial, since the case 
of trivial action has been covered in [CFK10]. Recall the definition of the M(ip) and M r (ip) 
from Definition 4.14. 

Definition 6.1 (Local Weyl modules W(ip) and W r (íp)). Let ip £ £ (resp. i/j £ £ T ) and set 
X' = wtip (resp. A = wtr^O- The corresponding untwisted (resp. twisted) local Weyl module 
is W(if>) ■■= WvM(íÍi) (resp. W r {t¡j) ■■= W^M r (^)). 

Lemma 6.2. If J = ©g g = J% is a V -invariant ideal of A, then A T J^ = J T +t for all r, £ £ H. 

Proof. Fix r, £ £ S. Since J is an ideal, we have A T Jt C J T+ £. Now choose a £ J T +£- By 
[NSa, Lem. 4.4], we have A T A^ T = A . Thus J T+ ^ = A J T+ ^ = A T A^ T J T+ ^ C A,- Je. □ 

Lemma 6.3. Suppose Jo ¿ s an ideal of Aq = A T . Then the ideal of (g <8> A) r generated by 
g r <E> Jo is (g <8> J) r , where J = ®t eH A^J is the ideal of A generated by Jo- 

Proof. By Lemma 5.1, the ideal of (g ® A) r generated by g r (H> Jo is of the form (g J') r = 
©íes Sí ® f° r some T-invariant ideal J' of A. Clearly we have J C J' Q and so J C J'. 
By Lemma 6.2, ($j ® J) r is an ideal of {g ® A) v containing g v £g> Jo, and so we must have 
J'CJ. □ 

For ijj £ £, define 

(6.i) ^)-n meS up P ^- 

If tp £ £ r , then J(V0 is clearly T-invariant. Recall the definition of Yp for a T-invariant 
subset Y C X rat given in Definition 1.5. 

Proposition 6.4. For ip £ £ r ; the ideal (g cg> J{ip) k ) v annihilates the local Weyl module 
W T {jp) for some positive integer k. In particular, W r (ip) £ J-"£ /or x £ (Supp^)r- 

Proof. Let A = wtrV', fi x a nonzero element m £ M r ( , 0) and let J = J(^)- 

First suppose that g is not of type A 2n . Let 6* be the highest root of g and let {eg, fg, h e } 
be a corresponding s^-triple. Then {eg,fg,hg} C $j r and this set forms an s^-triple corre- 
sponding to 0r : = 0|[)r, which is the highest root of g r . One can see from Proposition 2.8 
(see also [CFK10, Prop. 4]) that there is a map of (g r ® A r )-modules from the untwisted 
global Weyl module for g r <S> A r to the twisted global Weyl module for (g (g) A) r that maps 
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w\ to iüJ. Thus, applying [CFK10, Prop. 9] (see also [CFS08, Prop. 4.1]) with g r in place 
of g and A T in place of A, we have 

(6.2) (f e <g> a x{h<,) ) (w{ <8> m) = 0, a G J r . 
Since [/#, n~] = and U ((n~ <8> A) r ) (w^ <g> m) — W r (ip), we have 

(f <g> a A(hfl) ) W r (^) = 0, a G J r . 

Since g r is simple and the annihilator of W r (ip) in g r £g> v4 r is an ideal, it follows that 
g r <g> a A ^ e - ) annihilates Vy r ("0) for all a G J r = Jo- By Lemma 5.1, the annihilator of W r (ip) 
is of the form (g g) J') r for some T-invariant ideal J' of A. By the above, we have a x( - he ^ G J' ü 
for all a G J . By [AKL94, Th. 5], this implies that (J ) A(M C J . Let JA" be the ideal of A 
generated by (Jo) x( - hB ^- For £ G H, we have 

K 6 = A¡:(Jo) X{h<>) = ^(Jo) A(/le)_1 = (J X(he) )^ 

where the second equality holds by Lemma 6.2 and the third equality holds by [NSa, 
Lem. 4.4]. Thus K = J A (M. By Lemma 6.3, the ideal of (g <g> A) r generated by g <g> (J ) A(hfl) 
is equal to (g ®K) r . Thus we have J A(fcfl) = K C J'. 

Now suppose that g is of type A 2n . Let /?r denote the highest root of g r (which is of type 
B n ) and /3f the highest short root. We let {e¡3 r , fp r , h¡3 r } be an st 2 -triple in g r corresponding 
to 0r- Since T is of order two, g decomposes into g r © gi. By [Kac90, Prop. 8.3d], we know 
that gi is a simple g r -module of highest weight 2 J2iei r o¡i ([Kac90, §8.3, Table]), which is 
equal to 2/3f (see, for example, [Hum72, §12.2, Table 2]). 

Recall that {e¿, /¿, fr¿} is an sl 2 -triple in g corresponding to the simple root a¿ G i £ I. 
Then, for 1 < ¿ < n, 

(6.3) /1 = v^i(/i + /a») e g r and /¿ - / 2n +i-¿ e gi- 

Before completing the proof of the proposition, we develop some additional ideas specific to 
the Am case. Since g r is of type B n , 2/3f — Pv is the simple root a-¡_. On the other hand, it 
follows from Lemma 5.6(a) that the weight of fi — / 2n is — o¿i- Consider the vector 

[/Sr) /l — /2n] £ (0l)-2/3fo 

which we claim is nonzero. Assuming the claim, we see that [fp r , fi — / 2r i] spans the lowest 
weight space of Qi as a g r -module, since simple fmite-dimensional modules for B n are self- 
dual. Therefore 

(6-4) W),[/fr,/l-/2n]] =gi, 

that is, [fp r , fi — /jn] generates gi as an n^-module. 

To see that [f^Ji - / 2n ] ^ 0, let w G (gi)- 2/ 9f- Since [hp F ,w] = -2^(hp T )w = -2w, it 
follows that [e^pjiü] is a nonzero weight vector of weight —a\. Now this weight space has 
dimensión 1, for the following reason. First, a straightforward computation shows that 

S2S3 • • • Sn-lSnSn-l ' ' ' S 3S2Sl(-«l) = «1 + 2tt 2 H h 2« n = /3 r 

and so — «i is in the Weyl group orbit of 0r- Now the dimensión of the /3r weight space of 
the Verma module of highest weight 2(3^ is one, the number of ways of writing 2(3^ — flr — o¿i 
as a sum of positive roots. Thus V(2(3^)/3 r has dimensión at most 1. On the other hand, 
since /?r is a dominant weight lying below the highest weight of V(2/3f), the dimensión is 
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also at least 1, and thus dim k V(2/3^)p r = 1. Because /3r is Weyl conjúgate to —ai, it follows 
that dim V(2/3p)_ ai = 1 and so [e^iu] is a nonzero constant múltiple of f\ — / 2n . Since 
[//8 r > [^r'H] i s a nonzero múltiple of u>, we see that [fp r ,fi — / 2n ] ^ 0, which proves the 
claim and establishes (6.4). 

Now, the set of weights /ir G Ar with — /3p > A¿r > — 2/3p is empty since the difference 
2/3f — /?r is the simple root ai, and so it follows that 

(6-5) [(tl-)l, /jSr] = SpaQuf/^,, /i - / 2r J. 

Finally, we observe that 

(6.6) [n_,[/ /3r ,/ 1 -/ 2n ]] = 0. 

To see this, note that [n 1 ^, [//3 r , fi — / 2re ]] = since any vector in this space would be a vector 
in gi of g r -weight strictly lower than the lowest weight. On the other hand, [(tl_)i, [fp r , fi — 
f2n}} = since any vector in this space would be a vector in g r of g r - weight strictly lower 
than -2/3f < -f3 r . 

To complete the proof of the proposition in the case that g is of type A 2n , we will generalize 
the arguments used in [CFS08, Prop. 4.1], where the proposition was proven for the twisted 
loop algebra. Recall that we have decompositions g = g r © gi and J = Jo® Ji, and so again 
by [NSa, Lem. 4.4], we have 

(g ® f'f = (g r <8> W) ® (0i ® JiW' 1 ) for r > 1. 
Thus it suffices to show that 

(6.7) (g r <g> (J ) k ) W t {íj) = and 

(6.8) ( fll <g> J 1 (J o ) k )W r (il>) = 0, 
for sufficiently large k. As in (6.2) we obtain 

{fpr ® a A(V) ) K ® m) = 0, a G J . 

Using the fact that is a lowest weight vector for the adjoint representation of g r , it 
follows, once again using [AKL94, Th. 5], that 

(6.9) (g r ® (J ) Mh ^) (w{ ® m) = 0. 
In particular, 

(6.10) (/i ® (Jo) A( ' l/3r) ) K ® m) = 0. 
Since [/ii - h 2n , /J = -(2 + ¿i^a/kK/i - / 2n ) G gi, we have 

((/i - Í2n) <8> Ji(Jo) Kh ^) K <8) m) = ([/ü - fr 2n , A] <g> Jx( J ) A( V)) ( w r m) 

= [(/ii - h 2n ) ® J 1; A ® ( J ) A(hs r)] g) m ). 

Thus 

(6.11) ((/i - / 2n ) ® Ji(J ) A( ^ r) ) K ® m) = 0, 

by (6.10) and the fact that (/¿ x — /i 2n ) (8) J x C (f) (g) A) r acts by scalar multiplication on the 
highest weight vector w\ ® m. 
By (6.9) and (6.11), we have 
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(6.12) ([/*., h - f 2n ] ® J!(J ) 2A ^r)) ( w r ® m) 

= [//%. ® ( Jo) A( ^ r) , (/i - / 2 n) ® Ji( Jo) A(/lí?r) ] K ® m) = 0. 

By (6.6), [n_, [/ft.,/i-/ 2 n]] = 0. Thus, again using the fact that W r {tp) = U((n- ®A) r ){w{® 
m), we have that 

([/*, /l - /*»] O Jl( J ) 2X[h ^) = 0. 

By (6.4), [fp r , fi — / 2n ] generates gi as an n^-module, which now establishes (6.8). 
Combining (6.5), (6.6) and (6.9), we see that 

(fpr ® W))W T {il>) C W((n" (8) A) r ) (Lfo, /x - / 2n ] ® ^(Jo)*) K ® m ) = o 

for A; > 2A(/i / g r ), where the last equality follows by (6.12). Again since is a lowest weight 
vector for the adjoint representation of g r , we have 

(S r ® {J Q f)W v ^) = for fc>2A(/ift.), 
which establishes (6.7) and completes the proof. □ 

Lemma 6.5. A (g <g> A) T -module V is isomorphic to the local Weyl module W v (ip) if and 
only if it satisfies the following three conditions: 

(a) V G ObX< A , where A = wtr^, 

(b) R{V = M r {ip), and 

(c) Hom-jr (V, U) = and Ext^-r (V,U) = for all irreducible finite- dimensional U G 
ObZ^ A with U x = 0. 

Proof. If V satisfies the conditions in the lemma, then by Corollary 4.12 we have V = 
W{R{V ^ W r x M r (Íj) = W T {i)). 

Conversely, the local Weyl module W T (ij)) satisfies (a) by definition of the fimctor W A . 
We have R{W r (ip) = R^W^M r (^) M T (ip) by Lemma 3.8(a). Then W r {i¡)) satisfies (c) 
by (3.4) and Theorem 3.10 (or Corollary 4.12). □ 

Fix i/j G S r and x G (Supp^) r . Set A' = wt^ x and A = wt r ip = A'|f,r. By [CFK10, 
Prop. 9], there exists a positive integer n± such that g® J(?/>x) ni annihilates the untwisted local 
Weyl module WyM(^ x ). By Proposition 6.4, there exists a positive integer n 2 such that 
(fl ® J(ip) n2 ) r annihilates the twisted local Weyl module W A M r (ip). Let n = max(ni, n 2 ). 
We have a sequence of isomorphisms 

(g ® A) r /(g ® J(^)") r = (g ® A/ J(^)") r = (0 x . eSupp ^ g S A/mj) T 

= ©. ex ® ¿/< = (s ® A)/(£i ® J^T)- 

Proposition 6.6. Suppose that F is abelian, acts freely on X rSut and acts on g by diagram 
automorphisms . Then W r (ijj) = T(W(íp^)) for all ip G S T and x G (Supp^)r- In other 
words, the twisted local Weyl module is obtained by restriction from an untwisted local Weyl 
module and thus isomorphic to the twisted local Weyl module as defined in [FKKS12, Def. 3.7]. 

Proof. Fix ip G £ r and x G (Supp^r- By Proposition 6.4, W v {%¡)) G J 7 ^. Let A' = wt^ x 
and A = wtr^>, so that A = A'^r. Then W(i/j x ) G ObX<A' and so, by Lemma 5.6(c), 
T(W(^)) G Obl r <x . 
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Now suppose V r (ip), cp G S r , is an irreducible finite-dimensional object of Z< A with 
V r ((p)\ = 0. This implies that wtr <p G A — = wtr ^ — Qp- Thus, by Lemma 5.6(b), 
we have ht </? x < ht^ x . Enlarging x if necessary, we may assume that Suppy? C T ■ x (i.e. 
V r (<p) G For i = 0, 1, we have 

Ext^r(T x (W(^ x )), ^ r M) = Ext^r(T x (W(^ x )),T x (y(^ x ))) = Ext£ x (W(V>x),y(¥>x)) = 0, 

where the first two equalities follow from Proposition 5.5 and the last equality follows from 
[FKKS12, Th. 4.5]. 

Now, the weight space W{ip^)\i is isomorphic to the weight space V^ip^y as a (í) <g) A)- 
module. Restricting the action to (f) ® A) r and using the fact that T x (^(-?/> x )) = V(^>), 
we see that the weight space (T x (ty(^ x ))) A is isomorphic to the weight space V{jp)\ as a 
(f) ® A) r -module, and henee as a Ap-module. Therefore R^TxfW^x)) = M r (ip). Thus, by 
Lemma 6.5, we have W r (ip) = T x (W(il> x )) as desired. □ 

We are now in a position to prove Theorem 4.17. 

Proof of Theorem J^.íl. Choose A' G A + such that A'j^r = A (see Prop. 4.15(a)). By Propo- 
sition 6.6, the local Weyl modules W r (ip), i/j G £ A , for (g®A) r are restrictions of local Weyl 
modules W(ip'), i¡)' G Sy, for the untwisted map algebra $j® A. In addition, we have that Ap 
is a finitely generated algebra and W r (X) is a finitely generated Ap-module by Theorems 4.8 
and 4.10. 

(a) Assume A is the coordínate algebra of a smooth complex algebraic variety and A is 
a fundamental weight of $j r . Then, by [CFK10, Cor. 8], the dimensions of the local Weyl 
modules W(^'), t/j' G £\>, for g <g> A are all equal. By the above, this implies that the 
dimensions of the local Weyl modules W r (ip), ip G £ A , are all equal. Then the result follows 
from Corollary A. 7. 

(b) Assume A = C[í ±:L ]. Let i¡> G 8\ and write i¡) = YllLi i>¿ where i¡>¿ G £\ and \¿ is a 
fundamental weight for í = 1, . . . ,m. By part (a) (and Corollary A. 7), it suffices to show 
that 

(6.13) dim c W r (^) = UT=i dim c W T {^). 

By [CPOlb, Th. 2] (or [FKKS12, Prop. 3.9]), we are reduced to the case where the support 
of "0 is a single T-orbit. Furthermore, since the twisted local Weyl modules are restrictions 
of untwisted ones (as explained above), it suffices to consider the untwisted case, i.e. we can 
assume Y is trivial. Suppose Supp^ = {a} for some a G C*. Then, by Proposition 6.4, 
W{i/>) is annihilated by q® (t - a) N C^ 1 } for some iVeN. We have a commutative diagram 

g, c^ 1 ] — ^ ® - a^Cfí* 1 ]) 

g) C [í] ® (C[t]/(t - a) N C[t}) 

where the vertical arrows are induced by inclusión and the horizontal arrows are the natural 
projections. Since the local Weyl modules for the current algebra q ® C[£] are annihilated 
by <8> (í — a) JV C[í] (increasing N if necessary), it follows that the pullback of the local Weyl 
module for the loop algebra $j (g> C^ 1 ] is the local Weyl module for the current algebra (see 
Lemma 6.5). Thus it suffices to prove (6.13) for the current algebra. Then, by considering 
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the automorphism of g <g> C[t] determined by u <g> f(t) u ® f(t — a) for f(t) G C[t], we 
see that it suffices to prove (6.13) when a = (i.e. i/) is supported at the origin). This was 
proven in [CPOlb, Th. 5] for g = 5Í2 (in fact, the statement there is for the loop algebra 
itself), in [CL06, Th. 1.5.1] for g = st n , in [FL07, Cor. B] (and conjectured in [CPOla]) 
for simple simply laced g and in [Naol2, Cor. A] for arbitrary simple g. We note that the 
freeness of the global Weyl module in the untwisted case also follows from results found in 
[NakOl, BN04]. □ 

7. The algebra 

In this section we give an alternative, and more explicit, characterization of the algebra 
A^. We also relate it to the corresponding algebra in the untwisted setting. We assume in 
this section that the Jacobson radical rad A of A (which is equal to the nilradical of A since 
A is finitely generated) is zero and that T is a nontrivial cyclic group acting faithfully on g 
by diagram automorphisms (see Remark 4.2). We also continué to assume that T acts freely 
on X rat . In addition, we assume in this section that g is not of type A2„. In other words, 
we assume that T acts by admissible diagram automorphisms (no two nodes of the Dynkin 
diagram are contained in the same T-orbit). In this section, for a commutative associative 
unital algebra B, we will not distinguish between a point of maxSpec B and its corresponding 
maximal ideal. 

Since g is not of type A 2n , the restriction map A + — > Ajt is surjective (see Lemma 5.6(a)). 
Recall that we can naturally identify Ir with the set I/T of T-orbits on I. Fix A = 
Siei"r riUJi e • F° r i G Ir and i £ i, let r¿ = r¡. Recall that, for i G /, we let 
r¡ = {7 G T | 71 = ¿} denote the corresponding isotropy subgroup. Let J C I con- 
tain one point in each orbit of the T-action on I. We will often identify J with the set 
{1, . . . , | J|} using the standard labeling of Dynkin diagrams found, for instance, in [Hum72, 
§11.4]. Define 

(7.1) /:.y ■ ® rJ s>>(.vy). 

So we have a natural identification 

(7.2) maxSpecA^ = H j£j ((maxSpec A v ^)/S Tj . 

From now on, we will identify the two sides of (7.2). 

Recall that S r is the set of T-equivariant finitely-supported maps from X rat = maxSpec A 
to A + . Let M G maxSpec Ap. Then M is of the form 

where, for j G J, the (unordered) tupie (M.j : ¿) r / =1 is an element of ((maxSpec A Tj ) rj )/S rj . 
Henee, each M.j t ¿ can be identified with an element of the quotient (maxSpec A) /Tj = 
maxSpec A Fj , that is, with a Tj-orbit in maxSpec A. Then define G £ t by 

^M(m) = Y^jej, 7 er/r J T2=i ¿m, 7 M ji£ w 7 j, m G maxSpec A, 

where 5 m¡m r, m G maxSpec A, m' G maxSpec A Fj , is equal to one if m h> m' under the 
quotient map maxSpec A -» maxSpec A Fj corresponding to the inclusión A Fj <^-> A (i.e. if 
m' = m Pl A rj ), and is equal to zero otherwise. It is readily verified that the map M 1— > ipM 
is a well-defined bijection of sets maxSpec A r — > £\. 
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Recall that for m G maxSpec A, the quotient A/m is canonically isomorphic to k. We 
will identify the two in what follows. For ip G S r , choose M G (Supp?/>)r and consider the 
composition 

(7.3) (f) ® A) r ^ f) s A -» meM (í) s (A/m)) = meM f, EmeM 0(m) ) k. 

One readily verifies that this map does not depend on the choice of M. It induces a map 

hev^: W((f)<g> A) r ) 

We use the notation hev^ to distinguish this evaluation representation of (f) ® A) r from the 
evaluation map evL 

Lemma 7.1. For A G Ap~, /¿ave Ann^^^r) u? A C f]^ e£ r kerhev^. 

Proof. Let u G Ann^^^r) w;^ and ip G Since ^ r (^) is a quotient of W /r ( , 0), we have 
uv\ = 0. But, by the definition of V r (ip), we have uv x = hev^(ií)u^. Thus hev^(u) =0. □ 

For a k- algebra B and m G N, define 

sym m (6) : = £™ x l®^- 1 ) ® 6 ® g S m 5, 6 G £. 

Recall that if B is finitely generated, then S m B is generated by elements of the form sym m (6), 
b G B (see [EGH + , Lem. 4.56(ii)] or note that, since B is finitely generated, this follows from 
the case where i? is a polynomial algebra in finitely many variables, in which case the result 
can be found in [Dal99, Th. 1.2], but goes back to [Sch52]). Thus the algebra Ap is generated 
by the classes of elements of the form 

sym J A (a) := l®(n+-+^-i) g, sym r .(a) ® l®fo+i+-+»Vi), j e J, fl e A r ^. 
The Lie algebra (f) <g> A) r is spanned by elements of the form 

(7.4) hj ® a, j G J, a G A r J 

(recall Definition 4.6). Let f\\ U{(§ ® A) T ) -» Ap be the surjective map determined by 



(7.5) f\ (hj (g) a) = sym^(a), j G J, a G A r ^. 

Lemma 7.2. M^e /lave hev^ M = evM o f x for all M G maxSpecAp, where evM: Ap -» 
Ap/M = k is the canonical projection for M G maxSpec Ap. 

Proof. It suffices to prove that the maps agree on elements of the form (7.4). Fix k G J and 
a G A V K Choose M = ((M jt t) r ¿ =1 ) jeJ G maxSpec A¿. Then 



ev M o T X (h k g> a) = ev M (sym^(a)) = ]C2=i( a + m m) G k » 

where we have canonically identified A Tk /M.k¿ = k for £ = 1, . . . , r¿.. 

On the other hand, choose M in (7.3) to contain {m^eYeLv wnere m k,e l— >• under the 
quotient map maxSpec A -» maxSpec A Vk . Then 

heY lm( h k ® a) = E¿=i(° + m M) G k - 

Since, for £ = 1, . . . ,r k , the inclusión A Vk ^ A induces an isomorphism A^/M^ = A/m^j 
mapping a + a + nri^ ¿, the proof is complete. □ 
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Lemma 7.3. We have Ann^^g^r) w\ C ker f\ and thus f\ induces a surjective algebra 
homomorphism T\\ Ap -» Ap. 

Proof. We have 

^ r A = flMemaxSpecA* ker ev M o f x = f]^ £ r ker hevj. 

Indeed, the first equality follows from the fact that radAp = (since r&dA = 0) and 
the second follows from Lemma 7.2 and the fact that the map M i— > ipM is a bijection 
maxSpecAp — > S\. The statement of the lemma then follows from Lemma 7.1. □ 

Recall that we have a S-grading A = ©g e = A% on A, where H is the character group of 
T. Choosing a basis for each A^ yields a basis B of A. We do this in such a way that our 
basis contains the element 1 G A. Since A is finitely generated, the basis B is countable. So 
we can write B = {a r \ r G N}, with ao = 1. We say that a r < a r i if r < r'. Since each A 1 "-', 
j G J, is a sum of isotypic components A%, £ G H, we have that fíj — ¿3 n v4 Fj is a basis of 
for j G J. 

Lemma 7.4. TTie elements 



UjeJ Tl7=i hj ® 6¿ a tu£, G Bj-, a < b jA < ■ ■< b j¡mj , m á < r¡ for j G J, 

span W v (\)\. 

Proof. It suffices to prove that for all j G J and a Pl , . . . ,a Pi G Bj with 1 < p\ < • • • < 
£ G N, we have 

nLi hj ® a Ps w^a G s P an k { n™=i hj®a tq w{ 1 < íi < - - • < í m , m < r¿} . 

For j 6 J and a, a' G Bj, we have 

[&,• ® a, fj 05> a'\ = hj ® aa', 
[/ij ® a, e¿ ® a 7 ] = 2 ej ® aa', [hj £g> a, /j <E> a 7 ] = —2 /¿ ® aa'. 

Thus, for £ > r¡ + 1, we have 



i'- 



where C is a k-linear combination of elements of the form niLi hj ® a pk s with m < í. The 
lemma follows by induction on £. □ 

By Lemma 7.4, we see that Ap is spanned by the image of the set 
( 7 - 6 ) | rifeJ ® & .}> G % fl o < bj,! < ■ ■ ■ < bjjn,., rxij < r¿ for j G jj . 

We now state the first main result of this section, which gives an explicit realization of 
the algebra Ap. 

Theorem 7.5. The map T\\ Ap — > Ap is an isomorphism of algebras. 
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Proof. By Lemma 7.3, it suffices to show that t\ is injective. For this, it is enough to show 
that the images under t\ of the elements of the set (7.6) are linearly independent (over k) 
in Ap. Now, for bj jS G Bj, s = 1, . . . , rrij, a < bj¿ < ■ ■ ■ < bj ¡m ., nij < r,-, j G J, we have 

(7.7) r A (n ieJ n^i h¡®h) = íi, ./ nrii ^í^,.)- 

Since the tensor product of linearly independent sets is linearly independent, it suffices to 
prove that, for a fixed j G J, the elements 

s J m rj (b s ), b s G Bj, s = 1, . . . , m, a < h < ■ ■ ■ < b m , m < Tj, 

are linearly independent elements of S Tj (A j ). Consider a linear combination of distinct 
elements of this set equal to zero: 

(7.8) Ef=i(c t m=isym r ,.(M) =o 

for some 6 Sjt G Bj, t = 1,...,N, s = l,...,m t , a < b\ ¡t < ■■■ < b mut , m t < Tj and 
ci, . . . , c N G k. Choose i G {1, . . . , r¿}. Let A T + 3 ■■= Span k {6 G Bj \ b ^ 1} C A v >. Applying 
the projection S r í(A T i) -» {A T /)® 1 ® l®^-^ to both sides of (7.8) gives 

Ei<t<iv, mt =e ct Z^ Se ? (Kt ® & 2íí ® ■ • • ® ® í^-fl) = o, 

where we view S¿ as a subgroup of 5 n in the natural way (i.e. permuting the first i elements). 
Since bi t , . . . , bgj are elements of a basis of A (for any t), the elements 

E fe5f ? (&i,t ® & 2,t ® • • • ® 6 /)t ® 1»^-^) 
appearing above are linearly independent. Thus Q = for all í = 1, . . . , N. □ 

In the remainder of this section, we provide an alternative description of Ap in terms of 
coinvariants that does not depend on the choice J of one element from each T-orbit in /. 
For an algebra B with the action (by automorphisms) of a finite group T, we define B(r) to 
be the ideal of B generated by the set {b — 76 | b G B, 7 G T} and let B r : = B/B(x) be 
the algebra of coinvariants. We hope this causes no confusión with the notation Ap, which 
is not, a priori, the algebra of coinvariants of A A (but see Theorem 7.8). Note that if T 
is abelian, then B(x) is the ideal of B generated by ©^ gH ^0-^6 w here S is the character 
group of T. 

Lemma 7.6. Suppose T is a finite group acting on a commutative unital k-algebra B by 
algebra automorphisms and simply transitively on a finite set Z. Consider the action of T 
on B' ■= ® zeZ B z , where B z = B for all z G Z , determined by 

7 {<8> ze z h z) = 0, e z TV 1 *» 7 e T, b z G B, z G Z. 

Then (B') T = B. 

Proof. Label the elements of T so that we have T = {tí, . . . , r n }, with t\ being the identity 
element of T. Choose z\ G Z, and set Z{ = TiZ\ for i = 1, . . . , n. So Z = {z\, . . . , z n } and we 
have a natural action of T on the set {1, . . . , n} by defining 72 = j if 7^ = Zj (equivalently, 
if 7Tj = Tj) for 7 G T and i G {1, . . . , n}. 

Consider the algebra homomorphism determined by 

tu: B' B, <S)ti bi h+ niLi TfX, h G B Zi . 
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Clearly w is surjective and so it remains to show that ker w = (J3')m- F° r & U b' = (££)™ =1 bi 
(recalling that elements of this form span B'), we have 

«7(7*0 = ™{®Ulb~ r H) = niLirrVv 1 * = = *>W> 

where, in the third equality, we have changed the index by setting j = / ~f~ l i. Thus (_B')(t) C 
ker w. 

Now suppose b' e ker ta. Then we can write 

b ' = Ej=i(6ij ® • ■ • ® V¿)> &i¿ e for aU 1 < i < n, 1 < j < L 
It is straightforward to verify that 

hj (8 • • • <8> 6 n ¿ = (Iir=i T ^ l bi,j) <8 1 <8> • • • 8) 1 mod £? (T ). 

Therefore, 

= (E;=i ELli ®1 ® •••01 = t37(b') <8> 1 <8> • - - <8> 1 =0 mod S (T) . □ 

Lemma 7.7. Suppose T is a finíte cyclic group acting on a finitely generated commutatíve 
associative unital "k-algebra B by algebra automorphisms in such a way that the induced 
action of T on maxSpec B is free. Fix a positive integer n and consider the diagonal action 
ofT on B® n . This action commutes with the natural action of S n on B® n and thus we have 
an induced action ofT on S n B. 

(a) If the order ofT does not divide n, then (S n B)y = 0. 

(b) If n = m\T\ for some positive integer m and (S n B)r is reduced, then (S n B)y = 
S m (B r ). 

Proof. (a) We have a bijection 

maxSpec(5' n S)x — ((Iir=i max Spec B) / S n ) T . 

In other words, the maximal ideáis of (S u B)y can be identified with T-invariant unordered 
n-tuples of maximal ideáis of B. Therefore, they are unions of T-orbits on the set maxSpec B. 
Since this action is free, (S n B)y has no maximal ideáis if n is not divisible by the order of 
T. 

(b) Let i = |T| and assume n = mi for some positive integer m. Recall that for any 
k-algebra C with an T-action, we have the induced grading C = ©£ g = C¿, where H is the 
character group of T. Let a be a generator of T and consider the map 

B® e -+B, h ® ■ ■ • (8 b¿ 61(7(62) • ■ ■ o- e -\b e ), 

extended by linearity. Let $' denote the restriction of this map to S B. One easily checks 
that $' is T-invariant and <&'(S e B) = Bq. Thus 

(7.9) &((S e B)e) = for all £ ^ 0. 

We have the induced surjective map 

$: {S l B)® m ( ' > (B )® m . 
Restricting $ to S n B gives a surjective map 

ip: S n B -» S m (B ). 
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Now, 

(7.10) B® n (B® n ) © B', where B' = €eHj ^ o (5® n ) ? . 

Each summand in the decomposition (7.10) is preserved by the action of S n . Thus 

S n B ((5® n ) ) s " © (B') Sn . 

Now, 

(B') Sn C 6+ ... + ^ o (^) ei © • • ■ © (S^. 

Thus it follows from (7.9) that p((B') Sn ) = 0. So p vanishes on the ideal of S* n i? generated 
by (B') Sn , which is precisely (S n B)^)- Therefore ip induces a surjective map of algebras 

<p: (S n B)x -» S rn {B ) = S m (B r ). 

Applying the functor Spec gives a morphism of schemes 

Spec<^: Spec S m {B r ) Spec(5 n 5) T 

which is a closed immersion. Now, 

maxSpec S m (B r ) = (maxSpec B r ) m /S m ((maxSpec B)/T) m /S m , and 

maxSpec( 1 S n 5) T = (maxSpec S n B) T = ((maxSpec B) n /S n ) r . 

The map Spec <p induces a bijection between these two sets. Namely, it maps the element of 
maxSpec S m (B T ) corresponding to an (unordered) m-tuple of T-orbits on maxSpec B to the 
unión (counting multiplicity) of these orbits, which is an T-invariant n-tuple of maxSpec B. 
In particular, Spec <p is surjective on maximal ideáis. Thus ker <p is included in the intersection 
of all the maximal ideáis of (S n B)r- Now, since B is finitely generated, so is B® n , henee so 
is the fixed point algebra S n B = (B® n ) Sn , and thus so is the quotient (S n B)r- Therefore, 
the intersection of all the maximal ideáis of (S n B)j; is equal to the nilradical of (S n B)"c, 
which is zero by our assumption that (S n B)~c is reduced. Thus <p is injective and henee an 
isomorphism. □ 

Define 

(7.11) A A == <g) i€l S r ^A. 

The diagonal action of T on A® ri ' ri ' induces an action on S r i\ T i\A for each i e I. Then T 
acts on A A via 

7 (<8W a = ®¿ 6 j 7 e r, ai e S ri ^A, i e i. 

Theorem 7.8. If(S ri ^ r ^A) ri is reduced for all i E I, then 

Ap = (A A ) r . 

Proof. For ¿e/, let Bi = S r ^ Fi 'A. Since the action of T preserves each factor Bi in 
A A = (S^ie/r ®iei it suffices to prove the theorem for the case that A = r¡o;i for so me 
i € Ir- Let j e J be the point in the T-orbit i that we chose in our definition of A r . Since T 
is commutative, we have r¿ = Tj for all i e i. So we have Ap = S Tj (A rj ) and A A = (^).¿ gi -B¿. 
By Lemma 7.7, we have 

A A = ^(A r o = (£g rj . 
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Consider the composition 

(7.12) A = Q^Bi -» {® m B t ) Tj - (8) iei (^) rj -» {Bfa, 

where w' is the natural projection and the third map is the map w of the proof of Lemma 7.6, 
with T := V/Yj and Z ■= i. Since w and w' are both surjective, it suffices to show that 
the kernel of the above composition is (A A )(r). We know from the proof of Lemma 7.6 that 

the kernel of w is ((^¿^(-B^rjgyr ), which is isomorphic to í((S)¿ei ^)r ) under the 

isomorphism in (7.12). Thus it suffices to show that 



(7.13) 



¡J (r/rj) 



But this follows from the fact that, for b G <S> iei B,¿ and 7 G Y, we have tx7'(6 — 76) = 
£J7'(6) — 70/(0), where 7 denotes the image of 7 in r/iy □ 

Lemma 7.9. For m G N, we have 

k[tt\...,tÍ 1 ] s ™=k[e 1 ,...,e m ,e- 1 }, 

where e¿ denotes the l-th elementary symmetric polynomial for í = 1, . . . , m. Here the action 
of S m is by permutation of the variables ti, . . . , t m . 

Proof. We clearly have k[ei, . . . , e m , e" 1 ] C k[tf 1 , . . . , ¿m 1 ] 5 " 1 , so it remains to prove the 
reverse inclusión. Suppose 

U = S¿i,...,j m c h,...,im^l ' "¿m ^ ' • • • i^] Sm ■ 

Since all but a finite number of the ^ ^ are zero, we can find a positive integer N such 
that i£ + N > for all £ = 1, . . . , m whenever c¿ lv .. 5 ¿ m ^ 0. Then 

y = (M 2 • • • t m y N E n ím c it „„¿ m q +N ■ ■ ■ t^ +N G e~ N k[ti, . . . , í m ] s ™ C k[ ei , ...,e m , e" 1 ]. 

□ 

Corollary 7.10. Jn í/ie case o/a twisted loop algebra, where A = k[t,í _1 ] and íáe generator a 
ofY acts on X rat = k x by multiplication by a primitive \Y\-th root of unity, then Ap = (A A )p. 

Proof. In this case, for i G /, we have, by Lemma 7.9, 

S^A = k[e u . . . , e^i, e-f ri| ] C k[tf \ . . . , t^} - A^L 

Viewing the above isomorphisms as identifications, it is easily seen that (S^^'A)/?^ is the 
subring of S Ti ^ r ^A generated by the e¿ for i not a múltiple of |r ¿ |. Thus 

(S ri ^A) r . = k[e ]ril , eair-i, . . . , e^i, e-f r .,] 

is reduced and the result follows from Theorem 7.8. □ 
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Appendix A. Some results in commutative algebra 

This appendix contains some technical results from commutative algebra that are used in 
the proof of Theorem 4.17. 

Definition A.l (Rank). If R is an integral domain and X is a finitely-generated .R-module, 
we define the rank of X to be rank X — &\m.s-iR(S~ l X), where S = R \ {0}. 

Proposition A. 2. Suppose O is a Noetherían local domain with unique maximal ideal m. 
Let Y be a finitely-generated O -module. Then 

dimo/m Y/mY > rank F, 

and if equality holds, then Y is free over O with rank equal to rank y. 

Proof. Set n = dim^/m Y/mY and choose yi, . . . ,y n G Y whose images are a basis of Y/mY 
over O/m. By Nakayama's Lemma, the elements yi,...,y n genérate Y over O. Then 
yi, . . . ,y n span over S^O, where S = O \ {0}, which proves the first part of the 

proposition. If equality holds, then yi, ■ ■ ■ ,y n are linearly independent over S^O, and henee 
linearly independent over O; that is, Y is free over O with basis y\, . . . , y n . □ 

Corollary A. 3. Let R be a Noetherian integral domain, X be a finitely-generated R-module 
and m be a maximal ideal of R. Then 

dmiR/ m X/mX > rankX, 

and if equality holds, then X m is free as a module over R m , with rank equal to rank Jí. 

Proof. The localization R m is a local ring with a unique maximal ideal n. Then rankX m = 
rankX, and moreover 

dim ñ/m X/ mX = dim Rm/n X m /nX m , 

since a basis Xi + mX, . . . Xk+mX of X/mX over Rj m passes to a basis Xi + nX m , . . . , Xk+r\X m 
of X m / nX m over R m /n. The corollary then follows by applying Proposition A. 2 with O = R m 
andF = X m . □ 

Lemma A. 4. Let R be an integral domain and X a finitely-generated R-module. Then there 
is a nonempty open subset U C Spec R such that for each maximal ideal m e U, we have 
dimR/ m X/ mX = rankX. 

Proof. Set S = R \ {0} and choose a basis I 1 , . . . , ^ of S~ 1 X over S^^^R, where n = rankX, 
X{ G X and a¿ G S for i = 1, . . . , n. Rescaling gives a basis x\, . . . , x n of over S~ l R. 

Now choose a finite set {gi, . . . , (?at} of generators of X as an i?-module. For j = 1, . . . , N, 
we can consider gj as an element of and thus write it in the form 

<7j = XliLi 1T x í f° r some bj G S, a>ij G R, 1 < i < n, 

where we found a common denominator for the coeflicients of the x¿. Thus 

where i?& denotes the localization of R at the multiplicative set generated by bj. Let T 
denote the multiplicative subset of R generated by b±, . . . ,b N . Thus, X T is generated by 
Xi, . . . , x n over T~ l R. Since linearly independent over S 1 R they are also 

independent over T _1 _ñ, and thus Xt — R® n . 
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We claim it now follows that U = fljli ^í>¿ satisfies the condition in the statement of the 
lemma, where D b = {p G Spec(i?) | bj p} is the basic open set associated to bj. To see 
this, it suffices to show that for each maximal ideal m G U, the set B ■= {x¿ + mX}" =1 is a 
basis of Xj mX over R/m. 

We first show that B is linearly independent. Suppose that 

(A.l) = £" =1 (r¿ + m)(xi + mi), r¿ G R, Xi G X, 

that is Y^=i TiXi = Sj=i m i%' f° r some m j £ m an d 2/j G X. Now, in Xt we have, for 
j = l,...,k, 

Vj = Z)"=l T^ x i for some hó e ^ s m e -R- 

Thus 

Efc r-\n Sijm \r~\n 
j=l 2-íi=l 1~~ Xi ~ ¿-^j=l m óy¡¡ ~ 2^¿=1 r « X ¿' 

and so, by the independence of the x¿ over T _1 i?, we have = r¿ for each ¿. 

'3 1 H,3 

Therefore, r¿ Yíj=i tij m - Since m G £7, we have bj £ R \ m, for each 1 < j < N. Thus 
Tílm = 0. Henee rij=i ^ m ' an d so r ¿ ^ m - Thus the linear combination (A.l) is trivial. 

Finally we show that B spans X/ mX over R/m. Suppose x + mX G X/ mX. In Xt, again 
we write 

x = Y^=i f~ x i f° r some ti G T, s¿ G i?. 
Setting í = nr=i ti an< ^ *í = rij^j tj, we have 

Since m is maximal, there exists r G R such that 1 — rt G m, and we have 

trx = YZ=i s i t 'i rx i- 

Reducing modulo m, it follows that 

x + mX = (1 + m)x + mX = (rt + m)x + mX = Y^=A s it'i r + m)(^¿ + rnX), 

which shows that is a spanning set and completes the proof. □ 

Proposition A. 5. Let R be a finítely generated algebra over a field such that R is an integral 
domain and let X be a finitely- generated R-module. Suppose that there exists n G N such 
that dmiR/ m X/mX = n for all maximal ideáis m of R. Then X m is a free R m -module of 
rank n for all maximal ideáis m of R. 

Proof. By Lemma A. 4 there is a nonempty open set U C Spec R with the property that for 
each maximal ideal m G U, we have dmiR/ m X/mX = rankX. Since R is finitely generated, 
the maximal ideáis of R are dense in Spec (i?), and so there is at least one maximal ideal 
in U. Thus dimR/ m X/mX = rankX for all maximal ideáis m. Applying Corollary A. 3 
completes the proof. □ 

Theorem A. 6 ([Bou85b, Chap. II, §5, no. 2, Th. 1]). Let R be a commutative ring and P 
an R-module. Then P is a finitely generated projective module if and only if P is a finitely 
presented module and, for every maximal ideal m of R, P m is a free R m -module. 
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Corollary A. 7. Suppose R is a finitely generated algebra over a field such that R is an 
integral domain and suppose P is a finitely generated R-module. Furthermore, assume that 
there exists n G N such that dimR/ m P/mP = n for all maximal ideáis m of R. Then P is 
projective. Moreover, if R is a generalized Laurent polynomial ring ultf 1 , 
£,m GN, over a field k, then P is free of rank n over R. 



t ±x Si 



Proof. The first part of the corollary follows immediately from Proposition A. 5 and The- 
orem A. 6. The second part follows from the Quillen-Suslin Theorem (see, for example, 
[Lam06, Cor. V.4.10]). □ 
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